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Abstract. We formulate a conjecture predicting the existence of exotic isomorphisms
between Igusa stacks associated to different Shimura data whose underlying groups are
pure inner forms of each other, and prove it in many cases of interest. In combination with
the spectral action of Fargues–Scholze, this allows us to relate the cohomology groups
of the two Shimura varieties, giving a geometric incarnation of the Jacquet–Langlands
correspondence. An important ingredient in our proofs is the work of Xiao–Zhu on exotic
Hecke correspondences between the perfect special fibers of different Shimura varieties,
which we reinterpret in terms of exotic isomorphisms of perfect Igusa stacks.
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1. Introduction

1.1. Overview. It is an empirical fact, observed by Serre, Ribet, Helm, and Tian–Xiao,
that the mod p geometry of different Shimura varieties is often related, see [Ser96], [Rib90],
[Hel12], [Hel10], [TX16], [TX19], [HTX17]. For example, the mod p fibers of Hilbert modu-
lar surfaces associated to a real quadratic field L+ will naturally contain the mod p fibers of
Shimura curves associated to certain quaternion algebras over L+, if p is split in L+. These
geometric observations have found several applications to the cohomology of Shimura vari-
eties. For example the work of Tian–Xiao has been used in work of Diamond–Kassaei–Sasaki
[DKS23] and of Caraiani–Tamiozzo [CT23]. It was observed by Caraiani–Tamiozzo that the
work of Tian–Xiao gives rise to exotic isomorphisms between Igusa varieties associated to
different Shimura varieties; they apply this observation to prove new torsion-vanishing re-
sults for Hilbert modular varieties.

More generally, there are sometimes correspondences between the mod p fibers of dif-
ferent Shimura varieties which were named exotic Hecke correspondences by Xiao and Zhu
[XZ17]. Xiao and Zhu conjectured the existence and shape of quite general exotic Hecke
correspondences. Their conjecture predicts the existence of exotic Hecke correspondences
between the (perfect) mod p fibers of the Shimura varieties associated to Shimura data
(G,X) and (G′,X′) such that G⊗ Af ≃ G′ ⊗ Af .



A GEOMETRIC JACQUET–LANGLANDS CORRESPONDENCE FOR SHIMURA VARIETIES 3

We will state a conjecture, see Conjecture 1, on the existence of exotic isomorphisms
between Igusa stacks associated to Shimura data (G,X) and (G′,X′) such that G⊗Apf ≃ G′⊗
Apf . Conjecture 1 implies Conjecture 2.7.16 on the existence of exotic Hecke correspondences
between the perfect mod p fibers of the corresponding Shimura varieties, generalizing the
conjecture of Xiao–Zhu. Our main result, Theorem 2, proves Conjecture 1 for many abelian
type Shimura data. A crucial ingredient in the proof is a rigidity theorem for Igusa stacks,
Theorem 4, which should be of independent interest. Conjecture 1 allows us to relate the
cohomology groups of the Shimura varieties for (G,X) and (G′,X′), and we begin by stating
our main cohomological results.

1.2. Main cohomological results. Fix a prime p and an isomorphism α : C −→ Qp. Let
(G,X) be a Shimura datum of abelian type satisfying Milne’s axiom SV5 and let P be a
G-torsor over SpecQ that is trivial over SpecQℓ for all ℓ ̸= p, and let G′ = AutG(P). We let
X′ be a Shimura datum for G′ such that Assumption 2.7.2 holds (this is automatic e.g. if G
is adjoint). There exists a canonical identification LGQp

= LG′
Qp

of the associated Langlands
dual groups. We moreover fix an isomorphism P⊗Apf

∼−→ G⊗Apf inducing G⊗Apf
∼−→ G′⊗Apf ,

choose Kp ⊂ G(Apf ) = G′(Apf ) a sufficiently small compact open subgroup, and write TKp

for the Hecke algebra of level Kp with values in Λ, and ZKp for its center. Write P = PQp
.

Fix a prime ℓ ̸= p, let Λ ∈ {Qℓ,Fℓ} and fix √p ∈ Λ. Let ParG be the moduli stack of
local Langlands parameters for LGQp

over Λ. Associated to X,X′, α and √p there are repre-
sentations Vµ, Vµ′ of Ĝ which induce vector bundles Vµ,Vµ′ over ParG of dimensions n, n′.
One of the most striking upshots of the work [FS24] of Fargues–Scholze is the construction
of the so-called spectral action of the category of perfect complexes on ParG on the derived
category Dlis(BunG,Λ). Using this action, we show the following. Let e = |π0(Z(G))|.

Theorem 1. Suppose Conjecture 1 holds for (G,X),P, that κ(µ) + κ([P ]) = κ(µ′) (see Re-
mark 1.3.4) and that e ∈ Λ×. Let ϕ : WQp

→ LGQp
(Λ) be a semisimple L-parameter with

centralizer Sϕ.

(1): Let χ : ZKp → Λ be a character. If n, n′ ∈ Λ× and ϕ is supercuspidal, then

RΓ(ShKp(G,X),Λ)ϕ,χ ̸= 0⇔ RΓ(ShKp(G′,X′),Λ)ϕ,χ ̸= 0.

(2): If [P ] ∈ H1(Qp,G) is trivial, then there is a map

RHom(Vµ, Vµ′)→ RHomG(Qp)×TKp (RΓ(ShKp(G,X),Λ)[d], RΓ(ShKp(G′,X′),Λ)[d′])

induced by the spectral action. Here d (resp. d′) is the dimension of ShK(G,X) (resp.
ShK′(G′,X′)).

(3): Suppose that Sϕ = Z(Ĝ)GalQp . If [P ] ∈ H1(Qp,G) is trivial, then there exists a complex
of smooth G(Qp)× TKp-representations N together with quasi-isomorphisms

N⊕n ∼−→ RΓ(ShKp(G,X),Λ)ϕ[d]

N⊕n′ ∼−→ RΓ(ShKp(G′,X′),Λ)ϕ[d
′]

that are G(Qp)× TKp-equivariant.
(4) Suppose that Sϕ is linearly reductive and that ϕ is generous. If [P ] ∈ H1(Qp,G)
is trivial and Vµ is a direct summand of Vµ′ in the category of Sϕ-representations, then
RΓ(ShKp(G,X),Λ)ϕ[d] is a G(Qp)×TKp-equivariant direct summand of RΓ(ShKp(G′,X′),Λ)ϕ[d

′].
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Part (2) of Theorem 1 is closely related to [Zhu20, Conjecture 4.7.16].

Remark 1.2.1. A similar looking map to the one in (2) is obtained in the work of Xiao–
Zhu in [XZ17, §7.3.11] for the cohomology at hyperspecial level Kp under the assumption
that [P ] ∈ H1(Qp,G) is trivial, implying that GQp ≃ G′

Qp
. The advantage of our approach

is threefold: First that we are able to study the ramified part of the cohomology of Shimura
varieties, second we are able to handle the case that GQp

̸∼= G′
Qp

, and third we are able to
prove refined results like (3) and (4) using the spectral action.

Remark 1.2.2. Part (1) simply asserts the transfer of certain mod ℓ Hecke eigensystems
from G to G′ and back, and can be thought of as a qualitative mod ℓ Jacquet–Langlands
transfer. The isomorphism in Part (3) is a quantitative or "multiplicity preserving" mod
ℓ Jacquet–Langlands transfer. Part (4) is a less precise version of (3) under much weaker
assumptions on Sϕ. We also prove a version of (3) when [P ] is nontrivial, see Theorem
8.5.4. In Section 8 our results are moreover all stated for cohomology with coefficients in
automorphic local systems.

1.3. A conjecture. Our main geometric results are stated in terms of the Igusa stacks in-
troduced by Zhang in [Zha23] and constructed in greater generality by Daniels–van Hoften–
Kim–Zhang in [DvHKZ24],[DvHKZ26] and by Kim in [Kim25]. We first state a precise
conjecture, and describe our main geometric results afterwards.

1.3.1. Fix a prime p and an identification C ∼−→ Qp. Let (G,X) be a Shimura datum of
abelian type satisfying Milne’s axiom SV5 and let P be a G-torsor over SpecQ that is trivial
over SpecQℓ for all ℓ ̸= p, and let G′ = AutG(P). We let X′ be a Shimura datum for G′

such that Assumption 2.7.2 holds (this is automatic e.g. if G is adjoint). The isomorphism
C ∼−→ Qp defines p-adic places v and v′ of the reflex fields E and E′ of (G,X) and (G′,X′),
and we let E and E′ be the respective p-adic completions. We write G = G ⊗ Qp and
G′ = G′⊗Qp. Let µ be the G(Qp)-conjugacy class of Hodge cocharacters induced by X and
v, and let µ′ be the G′(Qp)-conjugacy class of Hodge cocharacters induced by X′ and v′.

1.3.2. The G-torsor P = P⊗Qp over SpecQp induces an isomorphism βP : BunG → BunG′

by work of Fargues–Scholze, see [FS24, Section III.4.1]. We consider the open substacks
BunG,−µ ⊂ BunG and BunG′,−µ′ ⊂ BunG′ and consider their intersection

BunG′,P,−µ′,−µ := BunG′,−µ′ ×BunG′βP (BunG,−µ).

1.3.3. Let π : Igs◦ (G,X) → BunG,−µ (resp. π′ : Igs◦(G′,X′) → BunG′,−µ′) be the
Igusa stacks1 constructed in [DvHKZ26]. We define the open substack Igs◦ (G,X)−µ′ ⊂
Igs◦ (G,X) to be the inverse image of BunG′,P,−µ′,−µ and similarly we define Igs◦(G′,X′)−µ ⊂
Igs◦(G′,X′). Choose an isomorphism κp : P⊗Apf

∼−→ G⊗Apf which induces an isomorphism
G′ ⊗ Apf

∼−→ G⊗ Apf which we will use to identify G′(Apf ) with G(Apf ).

Conjecture 1 (Conjecture 2.7.6). Let (G,X) and P be as above. If X1(Q,G) = 0, then
there is a G(Apf )-equivariant isomorphism

Igs◦ (G,X)−µ′ → Igs◦(G′,X′)−µ

of v-stacks over BunG′ .

1The superscript ◦ indicates that we are using the Igusa stacks that are quotients of the good reduction
locus of the generic fiber of the Shimura variety. We expect a version of Conjecture 1 to hold for the larger
Igusa stacks Igs (G,X) ⊃ Igs◦ (G,X) constructed in [Kim25],[DvHKZ26].
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Conjecture 1 can be used to show the existence of exotic Hecke correspondences between
the special fiber of the Shimura varieties for (G,X) and the Shimura varieties for (G′,X′),
see Section 2.7 and Conjecture 2.7.16. This conjecture on exotic Hecke correspondences is
a generalization of a conjecture of Xiao–Zhu, see [XZ17, Hypothesis 7.3.2], who deal with
the case that [P ] ∈ H1(Qp, G) is trivial and that G is unramified. Note that Xiao–Zhu have
announced a proof of their conjecture.

Remark 1.3.4. Let π1(G) be the algebraic fundamental group of G equipped with its action
of the Galois group GalQp

of Qp, and note that P induces a GalQp
-equivariant isomorphism

π1(G)
∼−→ π1(G

′). The open substack BunG,P,−µ,−µ′ ⊂ BunG is nonempty precisely when
κ(µ) + κ([P ]) = κ(µ′) in π1(G)GalQp

= π1(G
′)GalQp

. Thus Conjecture 1 is vacuously true if
BunG,P,−µ,−µ′ is empty. This also explains the occurrence of the assumption κ(µ)+κ([P ]) =
κ(µ′) in Theorem 1; we should not be able to deduce cohomological consequences from a
vacuous conjecture!

Remark 1.3.5. The assumption that X1(Q,G) = 0 can be removed from the conjecture
if one replaces the Shimura varieties (and thus the Igusa stacks) for (G,X) with the rational
Shimura varieties for (G,X) of Sempliner–Taylor [ST25] or the extended Shimura varieties
of Xiao–Zhu [XZ]. The conjecture should moreover be generalized to allow P to be a basic
Kottwitz cocycle in the sense of [ST24]. In this generality, we only expect an isomorphism
after basechange along SpdFp → SpdFp because βP will generally only be defined over Fp.

A special case of this generalized conjecture is the case that G′(R) is compact modulo
center. In this case, the generalized conjecture gives a description of the basic Igusa variety.
We prove this in some cases by relating it to basic uniformization, see Corollary 6.4.19.

1.4. Main geometric results. We can now state our main geometric results.

Theorem 2. Let (G,X) be a Shimura datum of abelian type. Assume that G splits over an
unramified extension of Qp. Conjecture 1 holds in the following situations2:

• The Shimura datum (G,X) is of PEL type A2n+1 and p > 2.
• Conjecture 4.4.7 holds and G = ResL+/Q SO(V ) for a quadratic space V of odd

dimension over a totally real field L+.
• Conjecture 4.4.7 holds and G = ResL+/Q J for a totally real field L+ and J an inner

form of PGSp2g over L+.

We note that a proof of Conjecture 4.4.7 has been announced by Xiao–Zhu. Conjecture
4.4.7 predicts the existence of exotic Hecke correspondence between the special fibers of
certain Shimura varieties of Hodge type of hyperspecial level. More precisely, we give a
definition of a space of exotic Hecke correspondences and Conjecture 4.4.7 asserts that it is
of the expected shape (e.g. that it is nonempty).

Theorem 3. If Conjecture 1 holds, then for b : SpdFp → BunG,P,−µ,−µ′ , there is a G(Apf )×
G̃b-equivariant isomorphism of v-sheaf Igusa varieties

Igb,v (G,X)
∼−→ Igb,v(G′,X′).

A version of this result was proved for Hilbert modular varieties by Caraiani–Tamiozzo,
see [CT23, Theorem 4.2.4]. During the process of writing up this manuscript, a version of
Conjecture 1 was proved for Hilbert modular varieties in [Jia26].

2Note that X1(Q,G) = 0 for the groups considered in Theorem 2 so that the statement is not vacuous.
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1.5. The proof of Theorem 2. The proof starts with a reduction to the case of a Hodge
type Shimura datum (H1,Y1) with H1,Qp unramified and a torsor P1 which is trivial over
Af , we will explain this reduction step in Section 1.5.6. We now first explain the proof for
(H1,Y1).

1.5.1. The Igusa stack Igs◦ (H1,Y1) is a sheaf for the v-topology on the category Perfd of
affinoid perfectoid spaces Spa(R,R+) in characteristic p. A presheaf F on Perfd can be
turned into a presheaf on the category Affperf of affine perfect schemes SpecA by sending
F to the presheaf SpecA 7→ F((SpecA)⋄); this operation turns v-sheaves into v-sheaves.
The reduction of the Igusa stack Igs◦ (H1,Y1)

red has been identified in [DvHKZ24, Theorem
6.5.1] as a v-sheaf quotient of the perfect scheme ShKp

(H1,Y1), the perfect special fiber of
a canonical integral model of the Shimura variety for some choice of parahoric model G of
G (with G(Zp) = Kp). Since G is a quasi-split and splits over an unramified extension, we
may take G to be reductive; this is crucial later. We will denote the reduction of the Igusa
stack by Igsperf (H1,Y1), the so-called perfect Igusa stack.

There is a variant of Conjecture 1 for perfect Igusa stacks, see Conjecture 2.7.11. This
asserts the existence of an isomorphism

Igsperf (H1,Y1)µ′
∼−→ Igsperf (H′

1,Y
′
1)µ,

where now Igsperf (H1,Y1)µ′ ⊂ Igsperf (H1,Y1) is a closed union of Newton strata. Given
[DvHKZ24, Theorem 6.5.1], it is fairly straightforward to show that this conjecture is equiv-
alent to a conjecture about exotic Hecke correspondences between the perfect special fibers
ShKp (G,X) and ShK′

p
(G′,X′), see Conjecture 4.4.7.

1.5.2. The operation F 7→ F red typically loses a lot of information. For example it sends
the diamond of a formal scheme over Spf Zp to the perfect special fiber of that formal scheme,
and the reduction of a locally spatial diamond (e.g. a perfectoid space) is empty by a result
of Gleason, see [Gle25, Proposition 4.8.(4)]. Quite surprisingly, it turns out that applying
the reduction functor to the Igusa stack does not lose any information.

More precisely, given a presheaf G on Affperf we can turn it into a presheaf G⋄/◦,pre on
Perfd which sends (R,R+) to G(R+/R◦◦), where R◦◦ ⊂ R+ is the ideal of topologically
nilpotent elements (this operation was introduced by Heuer [Heu25], and expanded upon by
Gleason [Gle25]). This does not generally turn v-sheaves into v-sheaves, and so we need to
distinguish G⋄/◦,pre from its v-sheafification G⋄/◦.

Theorem 4. Let (H1,Y1) be a Shimura datum of Hodge type. If H1 = H1,Qp is unramified,
then there is a natural isomorphism

(Igsperf (H1,Y1))
⋄/◦ → Igs◦ (H1,Y1).

It follows from results of [GIZ25] that under this isomorphism the subfunctor (Igsperf (H1,Y1)µ′)⋄/◦

is identified with Igs◦ (H1,Y1)µ′ . Thus an isomorphism Igsperf (H1,Y1)µ′ → Igsperf (H′
1,Y

′
1)µ

induces an isomorphism Igs◦ (H1,Y1)µ′ → Igs◦ (H′
1,Y

′
1)µ. Therefore, in this special case, we

can deduce Conjecture 1 from a statement in perfect algebraic geometry.

Remark 1.5.3. If G = A1
Fp

, then G⋄/◦ is the (v-sheafification of) the functor

(R,R+) 7→ (R+/R◦◦).

Geometrically, the functor (R,R+) 7→ R+ can be thought of as the closed unit disk while
(R,R+) 7→ R◦◦ can be thought of as the open unit disk. Thus the sheaf G⋄/◦ is a rather
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exotic object, although it is a smooth Artin v-stack of ℓ-cohomological dimension zero for
all ℓ ̸= p, like the Igusa stack.

1.5.4. Our proof of Theorem 4 is where a significant amount of the technical work of this
paper happens. One ingredient in the proof is the following generalization of an observation
of Heuer [Heu21].

Lemma 1.5.5 (Lemma 3.3.18). For a perfectoid Huber pair (R,R+), the category of abelian
schemes over Spf R+ up to formal3quasi-isogeny is equivalent to the category of abelian
schemes over R+/R◦◦ up to quasi-isogeny.

Generalizing this lemma to Shimura varieties of Hodge type requires us to tackle some
questions in (rational) p-adic Hodge theory. We do this by making use of the prismatic F -
crystals with G-structure (with G reductive) constructed by Imai–Kato–Youcis and Madapusi–
Youcis, [IKY23], [MY26]; this is where the assumption that G is unramified comes in. We
also crucially use the smoothness of the canonical integral models for G reductive. To fin-
ish the proof of Theorem 4, we need to deal with subtleties regarding the interaction of
G 7→ G⋄/◦ with v-sheafification, see Question 2.4.5.

1.5.6. The reduction step. We now explain how to reduce Theorem 2 to the Hodge type
case discussed above. Let us call our abelian type Shimura datum (G2,X2) with torsor P2

trivial over Apf . First we choose a Galois totally real field F in which p is unramified and
write H2 = ResF/Q G2,F and P2,F = P2 ×G2 H2 and Γ = GalF/Q. We may choose F such that
H2 = H2⊗Qp is quasi-split and P2,F is trivial at p. We prove using the methods of [vHS23]
that there is a Cartesian diagram

Igs◦ (G2,X2) Igs◦ (H2,Y2)
hΓ

BunG2,−µ2
BunhΓH2

,

where hΓ denotes homotopy fixed points; we prove the same statement for (G′
2,X

′
2). It

follows from this that a Γ-equivariant version of Conjecture 1 for (H2,Y2) and P2,F implies
Conjecture 1 for (G2,X2) and P2.

Next, we choose a Hodge type Shimura variety (G,X) together with an ad-isomorphism
(G,X) → (G2,X2) and a lift P of P2 which is trivial over Apf . Using the totally real field
F, we construct the auxiliary Hodge type Shimura datum (H1,Y1) ⊂ ResF/Q GF with an
action of Γ such that H1 = H1 ⊗ Qp is quasi-split and P1 = P ×G H1 is trivial at p. We
then prove a Γ-equivariant version of Conjecture 1 for (H1,Y1) and P1 as explained above.
Finally, we deduce from this a Γ-equivariant version of Conjecture 1 for (H2,Y2) and P2,F,
by descending along the morphism (H1,Y1)→ (H2,Y2).

Choosing (G,X) is far from routine: First of all we need to lift the torsor P2 to a torsor P
which remains trivial over Apf . Second of all, we need H1 to satisfy rather many properties,
see Definition 6.1.4. For instance, we need H1,Qp

to be quasi-split and split over an unramified
extension, and X1(Q,H1) = 0. We check that such (G,X) exists by an extensive case-by-case
analysis, see Section 7 and Appendix A.

Remark 1.5.7. It would be interesting to prove Theorem 2 in the case that G2 is an inner
form of ResL+/Q GSp2g rather than its adjoint quotient. There are two difficulties to extend

3See Definition 3.2.2.
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our methods to this case, which we hope to be surmountable with additional effort: The
first is that the methods of [vHS23] require the assumption that the center of G2 has R-
split rank equal to its Q-split rank, which is false here. The second is that inner forms of
ResL+/Q GSp2g are typically not quotients of Hodge type Shimura data. It would similarly
be interesting to prove Theorem 2 in the case that G2 = ResL+/Q SO(V ) for a quadratic
space V of even dimension over a totally real field L+. The difficulty here is that (G2,X2) is
not a quotient of a Shimura datum of Hodge type with connected center.

1.6. Proofs of the main cohomological results. Our main cohomological results fol-
low by studying the cohomology of Shimura varieties via Igusa stacks, as in [DvHKZ24],
[DvHKZ26], and using the spectral action of Fargues–Scholze [FS24].

1.6.1. We consider the Igusa sheaves F = Rπ∗Λ and F ′ = Rπ′
∗Λ which we think of as

living on BunG via β−1
P .4 By Conjecture 1 and smooth base change, these sheaves agree on

the open substack

BunG,P,−µ,−µ′ ⊂ BunG

which we have assumed to be nonempty in Theorem 1. Thus we can glue them together to
a sheaf F̃ on BunG; alternatively we can glue together the Igusa stacks and pushforward
Λ along its structure map to BunG. We show that the sheaf F̃ controls the cohomology of
both Shimura varieties, in that

i∗1TµF̃ = RΓ(ShKp(G,X),Λ)[d]

i∗1′Tµ′F̃ = RΓ(ShKp(G′,X′),Λ)[d′].

Here i1 is the inclusion of the neutral stratum of BunG, and i1′ is the inclusion of the neutral

stratum of BunG′
β−1
P−−→ BunG. We do this by studying how the Hecke operators interact with

the isomorphism β[P ], and using results of [DvHKZ24, Section 8] and [DvHKZ26, Section
5]. If [P ] is trivial then i1 = i1′ , and part (2) of Theorem 1 is now a direct consequence of
the functoriality of the spectral action.

We prove part (1) of Theorem 1 using the conservativity of Hecke operators, together
with the fact that the sheaves localized at supercuspidal parameters ϕ are supported on
the basic locus; this argument was suggested to us by David Hansen. For part (3) and (4)
of Theorem 1, write Par∧G,ϕ for the formal completion of ParG in the inverse image of ϕ
under ParG → Xspec

Ĝ
. Then since Sϕ is linearly reductive, it follows from Luna’s étale slice

theorem (of [AHR20]) that

Par∧G,ϕ ≃ [Spf A/Sϕ] .

We show that Perf(Par∧G,ϕ) acts on D(BunG,Λ)ϕ ∋ F̃ϕ, see Corollary 8.3.12. Part (4) now
follows from the additivity of the spectral action. If Sϕ = Z(Ĝ)GalQp , then Vµ

∣∣
Par∧G,ϕ

is

isomorphic to L⊕n, where L is the character of Z(Ĝ)GalQp corresponding to the element
κ(µ) in π1(G)GalQp

= X∗(Z(Ĝ)GalQp ). Since [P ] is trivial it follows that κ(µ) = κ(µ′) and
thus Vµ′

∣∣
Par∧G,ϕ

≃ L⊕n′
. The theorem now follows from the additivity of the spectral action.

4When ℓ is not torsion in Λ, then we have to define F in an indirect way following [CHZ26], see Section
8.2.5.
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2. Preliminaries

In this section we collect some preliminaries, starting with Archimedean preliminaries
in Section 2.1. In Section 2.2 we collect some preliminaries in perfectoid geometry, and in
Section 2.3 we recall some perfect algebraic geometry and prove a few lemmas. In Section
2.4, we discuss various functors intermediating between perfectoid geometry and perfect al-
gebraic geometry. In Section 2.5 we discuss the prismatic theory of crystalline local systems,
and in Section 2.6 we recall the theory of Igusa stacks. Finally in 2.7 we state our main con-
jectures on exotic isomorphisms of (perfect) Igusa stacks and exotic Hecke correspondences,
and discuss their dependencies.

2.1. Archimedean preliminaries. The goal of this subsection is to introduce the real
Kottwitz set B(R, G) for a connected reductive group G over R, and to discuss its relation
with Shimura data.

2.1.1. Let us write S = ResC/R Gm for the Deligne torus, and S1 ⊂ S for the kernel of the
norm homomorphism to Gm.

2.1.2. Let G/R be a real reductive algebraic group and let T0 ⊂ G be a maximal compact
torus in G (a torus isomorphic to (S1)d for some d, which is maximal with that property).
Let T = Z(T0) be the centraliser of T0, which is a maximal torus of G by [Bor23, second
paragraph of Section 3]. Set N0 = NG(T0), W0 = N0/T , and we let T1 ⊂ T denote the
maximal split subtorus of T . It follows from [Bor23, Lemma 2.4] that T0 and T are unique
up to G(R)-conjugacy, and we call T a fundamental torus of G.

5This error was discovered at a late stage, which is why a large number of our arguments do include
groups of type D, while our main theorem does not include groups of type D.
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2.1.3. By a result of Borovoi [Bor23, Theorem 3.1] there exists a well-defined action of
W0 on H1(R, T ) via the following formula: If w ∈ W0(C), c ∈ Z1(R, T ) then c is uniquely
determined by its value on complex conjugation σ, and we define w · c(σ) = n−1c(σ)n̄ where
n ∈ N0(C) lifts the element w. This induces a right action on H1(R, T ) which can easily be
shown to be independent of the choice of lift n, and the choice of cocycle c.

Proposition 2.1.4. [Bor23, Lemma 2.1, Theorem 3.1] The natural inclusion

H1(R, T )→ H1(R, G)
factors through the quotient

H1(R, T )→ H1(R, T )/W0

and the induced map
ψT : H1(R, T )/W0 → H1(R, G)

is an isomorphism of pointed sets.
Further one has the following description of the Galois cohomology group H1(R, T ),

H1(R, T ) ≃ T0(R)[2]/(T0 ∩ T1)(R)[2]
where the map T0(R)[2]→ H1(R, T ) is obtained by taking t to the cocycle c(1) = 1, c(σ) = t
where σ is complex conjugation.

Lemma 2.1.5. Let G be a connected reductive algebraic group over R, and let [P ] ∈ H1(R,G)
be such that G′ = Aut(P ). Then there exists a natural cartesian diagram of pointed sets

H1(R,G) H1(R,G′)

π1(G)GalR π1(G
′)GalR

βP

κ κ

+κ([P ])

and the morphism βP is a bijection.

Proof. Taking a complex point of P we obtain an isomorphism

ψ : GC → G′
C

such that if σG is complex conjugation on GC and σG′ is complex conjugation on G′
C, we

have that
ψ−1 ◦ σG′ψ = Adk ◦σG,

where τ(1) = 1, τ(c) = k is a cocycle for GalR = {1, c}. The usual pushout procedure
[Q] → [Q ×G P ] defines an isomorphism between the set of isomorphism classes of right
G-torsors to the set of left G′-torsors, which is the map whence the isomorphism βP comes
from. To calculate Kottwitz invariants however, we need to be slightly more explicit. We
instead define a map on cocycles, let ϕ : GalR → G be a Galois cocycle, then we define
βP (ϕ)(1) = 1, βP (ϕ)(c) = ψ(ϕ(c) · k−1). If ϕ′(c) = xϕ(c)(x)c,−1 we check that

βP (ϕ
′)(c) = ψ(x) · ψ(ϕ(c)) · ψ(σG(x)−1) · ψ(k−1)

= ψ(x) · ψ(ϕ(c) · k−1) · σG′(ψ(x−1))

thus βP (ϕ′) is cohomologous to βP (ϕ). On the other hand

ψ(ϕ(c) · k−1) · σG′(ψ(ϕ(c) · k−1)) = ψ(ϕ(c)) · ψ(k)−1 · (ψ ◦Adk ◦σG)(ϕ(c) · k−1)

= ψ(ϕ(c) · σG(ϕ(c))) · σG(k)−1k−1

= 1,
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where the final line follows because G′ is a pure inner form. Thus βP induces a bijection
between normalized cocycles of G and those of G′ which respects the equivalence relation
defined by cohomology, thus a fortiori βP induces a bijection on cohomology.

It remains to verify that this twisting isomorphism is compatible with the Kottwitz mor-
phism. For this we first assume that Gder is simply connected, in this case the Kottwitz
morphism κR : H1(R,G)→ π1(G)GalR is simply the natural map

H1(R,G)→ H1(R,Gab)

composed with the Tate–Nakayama morphism

H1(R,Gab)
π−→1 (G)GalR

where here Gab denotes the cocenter of G. Thus the statement is clear. In the general
case we can pass to a z-extension of G, and thus reduce to the case that Gder is simply
connected. □

2.1.6. Kottwitz has defined a functorial cohomology set B(R,G), we refer to [Kot14, Section
10] for additional details. This comes equipped with a functorial Kottwitz map ([Kot14,
Section 11])

κR,G : B(R,G)→ π1(G)σ,

where π1(G) is the algebraic fundamental group of G equipped with the natural action of
Gal(C/R); we use σ ∈ Gal(C/R) to denote the nontrivial element. In the case that G = T is
a torus we have that π1(T) ≃ X∗(T) and in this case the map κR,T defines an isomorphism
B(R,T) ≃ X∗(T)σ.

2.1.7. We define B(R,G)bsc ⊂ B(R,G) to the subset of basic elements, that is those elements
[b] with ν[b] central. Then there exists a functorial inclusion H1(R,G) ⊂ B(R,G)bsc (see
[Kot14, Section 1.3.4]. For T ⊂ G a fundamental maximal torus, we define B(R,T)G−bsc

to be the preimage of B(R,G)bsc under the natural map B(R,T) → B(R,G). It is shown
in [Kot14, Section 13.5] that the right action of W0 given above extends along the natural
embedding H1(R,T) ↪→ B(R,T), and we have the following extension of the above theorem
of Borovoi.

Proposition 2.1.8. [Kot14, Lemma 13.2] The natural map induced by the inclusion T→ G
induces a bijection of pointed sets B(R,T)G−bsc/W0 ≃ B(R, G)bsc.

Proposition 2.1.9. [Kot86, Theorem 1.2] The map κR,G restricts to a map κR,G : H1(R,G)→
π1(G)σ with kernel given by the image of H1(R,Gsc) → H1(R,G) and image the kernel of
the natural norm map π1(G)σ → π1(G).

Finally the natural map H1(R,Gad)→ B(R,Gad)bsc is an isomorphism when G is adjoint.
Thus given a class [b] ∈ B(R,G)bsc we may associate an inner form G[b] of G over R to the
class [b] just as in the setting of non-archimedean local fields.

2.1.10. A weak real Shimura datum is a pair (G,X), where G is a connected reductive
group over R and X is a G(R)-conjugacy class of homomorphism h : S → G satisfying
Milne’s axioms SV1 and SV2, see [Mil05, Definition 5.5]. A morphism of weak real Shimura
data is a morphism of pairs. A real Shimura datum is a weak real Shimur datum (G,X)
satisfying Milne’s axiom SV3, see [Mil05, Definition 5.5]

For a symplectic space (V, ψ) over R we denote by (GV ,HV ) the standard weak real
Shimura datum, where XV is the GV (R)-conjugacy class of complex structures J on V such
that the bilinear form ψ(x, Jx) is positive definite or negative definite on V .
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2.1.11. Attached to a weak real Shimura datum (G,X) is a class [X] ∈ B(R,G), see [ST25,
§1.2-1.3] where this class is referred to as λ̂G(Y ), where Y is the G(R)-conjugacy class of
Hodge cocharacters associated to X. Its image under B(R,G) → B(R,Gad) = H1(R, Gad)
is the class of the (unique) compact inner form of Gad, and its image under the Kottwitz
map is the class of µX inside of π1(G)σ.

2.1.12. If P is a G-torsor over SpecR with automorphism group G′ = AutG(P ), then there
is a canonical bijection

βP : B(R,G)→ B(R,G′),

extending H1(R,G) ∼−→ H1(R,G′), and compatible with the real Kottwitz maps. This can
be proved in the same way as 2.1.5 by working at the level of real Kottwitz cocycles, rather
than Galois cocycles. We omit the proof.

2.1.13. We will sometimes find ourselves in the following rather baroque situation. Let P
be a G-torsor over SpecR with automorphism group G′ = AutG(P). Choose x a C-point of P
defining an isomorphism ψ : GC → G′|C be an isomorphism satisfying ψ−1◦σG′ψ◦σ−1

G = Adk
for some k ∈ G(C), where σG′ and σG denotes the complex conjugations on G′ and G.

Let h : C∗ → G(R) be a (pointed) weak Shimura datum, and let h′ be a (pointed) weak
Shimura datum for G′. Let ρ : G → GSp(V ) be a Hodge embedding. We can twist G and
ρ by P to get an inner form GSp′(V )/R together with ρ′ : G′ → GSp′(V ). Writing σ0 for
the complex conjugation on GSp(V ), we get an isomorphism ψ0 : GSp(VC) → GSp′(VC)
which satisfies ψ−1

0 ◦ σ′
0 ◦ ψ0 = Adρ(k) ◦ σ0, and which restricts to ψ along the morphisms

ρ : G→ GSp(V ), ρ′ : G′ → GSp′(V ).
By the triviality of H1(R,GSp(V )), there exists d ∈ GSp(V )(C) such that d−1ρ(k)σ0(d) =

1, from this one obtains an isomorphism ψ′
0 = ψ0 ◦ Add which is defined over R, and a

homomorphism of algebraic groups

ρ′′ = (ψ′
0)

−1 ◦ ρ′ : G′ → GSp(V )

also defined over R.

Lemma 2.1.14. Let the notation be as above. Suppose that βP ([X]) = [X ′]. Then ρ′′ and
thus ρ′ is an Hodge embedding if and only if ρ(µh) and ρ′′(µh′) are GSp(V )(C)-conjugate.

Proof. We first check that ρ′′ ◦ h gives a Shimura datum for GSp(V ). The condition on the
Hodge cocharacters forces ρ′(h′) to satisfy SV1. Since βP ([X]) = [X ′], we know that [X] and
[X ′] have the same Newton point and thus that [X] and [X ′] have the same (central) weight
cocharacter under the canonical isomorphisms of their centers. Because Since βP ([X]) =
[X ′] and the pushforward of P along ρ is trivial, it follows that ρ′′∗ [X ′] = ρ∗[X] and thus
that ρ∗[X] is basic.

We see that the image of ρ′′∗ [X ′] in B(R,GSp(V )ad) lies in H1(R,GSp(V )ad), and SV2 is
precisely the assertion that this class corresponds to the compact inner form. This is true
for ρ∗[X] and thus for ρ′′∗ [X ′] = ρ∗[X].

To conclude the proof, it suffices to note that GSp(V ) only admits a single G(R)-conjugacy
class of Shimura data with weight equal to the weight of the standard Shimura datum
and with Hodge cocharacter conjugate to the Hodge cocharacter of the standard Shimura
datum. □
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2.1.15. An important calculation. In this section we record a calculation which will be a
key archimedean input in treating Shimura varieties of type B,C, and D. Let (G,X) be
a weak real Shimura datum and let ι : G → GV be an injective morphism. Choose an
nondegenerate symmetric R-linear bilinear form ψ′ on C and consider W = V ⊗RC equipped
with the R-linear symplectic form given by ψw(v1 ⊗ z1, v2 ⊗ z2) = ψ(v1, v2) · ψ′(z1, z2). We
let H = (G × S)/Gm with the weak real Shimura datum Y induced from X × 1. There is a
map ι : (H,Y)→ (GW ,HW ) by letting (g, t) acts on v ⊗ z by gv ⊗ tz.

Let h ∈ X, and observe that k = [(h(i),−i)] ∈ H(R) has the property that k2 =
[(−1,−1)] is the identity element of H(R). Thus the assignment sending σ 7→ k is a co-
cycle for Gal(C/R). If Gad(R) is not compact, then the class of this cocycle is nontrivial in
H1(R,H) because it maps to the (nontrivial) class of the compact inner form under the map
H1(R,H) → H1(R,Gad), by axiom SV2. The following lemma is a special case of a result
of Xiao–Zhu, and we give a simplified version of their proof.

Lemma 2.1.16. Let H′ be the pure inner twist of H by k and consider the morphism
ι′ : H′ → GSp(W ′, ψW ′), where (W ′, ψW ′) is the twist of (W,ψW ) by k. Define a morphism
h′ : S→ H′ by h′(z) = [(1, z)]. If ψW (v, h(i)v) is a positive (resp. negative) definite pairing
on W , then (w,w′) 7→ ψW ′(w, h′(i)w′) is a positive (resp. negative) definite pairing on W ′.
Furthermore, if ι ◦ h lands in H±

W , then ι′ ◦ h′ lands in H±
W ′ . In particular, if we equip H′

with the weak real Shimura datum given by the H′(R)-conjugacy class of h′ and if ι is a
morphism of weak real Shimura data, then ι′ is a morphism of weak real Shimura data.

Proof. Morally this Lemma is an application of Lemma 2.1.14, and as in that lemma, the
essence of the matter is to calculate that (ι′ ◦ h′)(i) is a Cartan involution and that ι′C ◦ µh′

is a minuscule cocharacter of GW ′ . However, we give a direct proof of these claims in this
special case.

Recall that H′(R) = {h ∈ H(C) : kσ(h)k−1 = h} which acts on W ′ = {w ∈ WC :
kσ(w) = w}, and that ψW ′ is simply the restriction of ψW,C. Note that h′(z) ∈ H′(R) and
that h′(z) defines a complex structure on W ′ because h′(i)2 = [(1,−1)] = [(−1, 1)]. We now
compute

ψW,C(w, h
′(i)w) = ψW,C(w, h(i)k

−1w)

= ψW,C(w, h(i)σ(w)).

Since w 7→ ψW (w, h(i)w) is positive (or negative) definite on W , it follows that w 7→
ψW,C(w, h(i)σ(w)) is positive (or negative) definite onWC. We deduce that w 7→ ψW ′(w, h′(i)w)
is positive (or negative) definite on W ′, and so (ι′ ◦ h′)(i) is a Cartan involution of GW as
desired. That ι′ ◦µh′ lies in the minuscule conjugacy class of cocharacters of GW ′ is obvious
from the definition of h′. □

2.2. Perfectoid geometry.

2.2.1. We will write Perfd for the category of affinoid perfectoid spaces over Fp. If X is
a pre-adic space over Spa(Zp) in the sense of [SW20, Definition 3.4.1], let X♢ denote the
set-valued functor on Perfd given by

X♢(S) = {(S♯, f)}/ ∼

for any S in Perfd, where S♯ is an untilt of S and f : S♯ → X is a morphism of adic spaces.
This determines a v-sheaf on Perfd by [SW20, Lemma 18.1.1]. For a Huber pair (A,A+)
over Zp, we write Spd(A,A+) in place of Spa(A,A+)♢, and when A+ = A◦ we write Spd(A)
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instead of Spd(A,A+). In particular, we see that Spd(Zp) parametrizes isomorphism classes
of untilts, cf. [SW20, Definition 10.1.3].

2.2.2. Formal schemes. For us a formal scheme over Spf Zp is a functor on the category
of Zp-algebras in which p is nilpotent, which is locally isomorphic to Spf A where A is a
topological ring which is complete and separated for the I-adic topology for some finitely
generated ideal I ⊂ A. For a formal scheme X over Spf Zp, we write Xad for the pre-adic
space associated to X as in [SW13, Proposition 2.2.1], and we often abbreviate (Xad)♢ to
X♢. If X is a scheme over SpecZp, then we write X⋄ for (X̂)♢, where X̂ = X×SpecZp Spf Zp
is the p-adic completion of X.

For a formal scheme over Spf Zp, we define X♢,pre to be the presheaf on Perfd sending
(R,R+) to the equivalence class of triples (R♯, R♯+, f), where (R♯, R♯+) is an untilt of
(R,R+) and f : Spf R♯+ → X is a morphism of formal schemes, see [DvHKZ24, Definition
2.1.3]. The following lemma is [DvHKZ24, Lemma 2.1.4].

Lemma 2.2.3. Let X be a formal scheme over Spf Zp, which locally admits a finitely gen-
erated ideal of definition. Then X♢/ SpdZp is the analytic sheafification of the presheaf on
Perfd given by X♢,pre.

2.2.4. The Fargues–Fontaine curve. For any perfectoid space S over Fp, we write S
.
× Zp for

the analytic adic space whose associated v-sheaf is S♢× SpdZp. This comes equipped with
a Frobenius φ, and any untilt S♯ of S determines a closed Cartier divisor S♯ ↪→ S

.
× SpaZp,

see [SW20, Proposition 11.3.1].
For S in Perfd we define Y(S) = S

.
× Zp \ {p = 0}, and for any interval I ⊂ [0,∞)

we have an open subset YI(S) of S
.
× SpaZp, see [SW20, Section 12.2]. In particular

Y[0,∞)(S) = S
.
× SpaZp and we also denote Y(0,∞)(S) by Y(S).

2.2.5. For any S in Perfd, the relative adic Fargues–Fontaine curve over S is the quotient

XS = Y(S)/φZ,

see [FS24, beginning of Chapter II]. Let G be a reductive group over Qp. Following [FS24],
we denote by BunG(S) the groupoid of G-torsors on XS . By [FS24, Theorem III.0.2], the
presheaf of groupoids BunG on Perfd sending S to BunG(S) is a small v-stack. The following
lemma is [DvHKZ24, Proposition 6.3.11].

Lemma 2.2.6. Let G → H be a closed immersion of connected reductive groups over Qp.
Then the natural map

BunG×BunG
BunG → BunG×BunH

BunG

is representable in closed immersions.

Lemma 2.2.7. Let G → H be a closed immersion of connected reductive groups over Qp
and let µ be a G(Qp)-conjugacy class of cocharacters with reflex field E; Let µH be its image
in H. If X → BunG is a v-sheaf, then the natural map

X ×BunG
GrG,−µ → X ×BunH

GrH,−µH ,E

is representable in closed immersions.

Proof. We factor the map of the lemma as

X ×BunG
GrG,−µ → X ×BunH

GrG,−µ → X ×BunH
GrH,−µH ,E .
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The second map is a closed immersion because GrG,−µ → GrH,−µH ,E is a closed immersion
(being induced from a closed immersion of classical flag varieties). The first map sits in a
2-Cartesian diagram

X ×BunG
GrG,−µ X ×BunH

GrG,−µ

BunG×BunG
BunG BunG×BunH

BunG,

and is thus a closed immersion by Lemma 2.2.6; this completes the proof. □

2.2.8. Let B(G) be the set of σ-conjugacy classes in G(Q̆p), equipped with the topology
coming from the opposite of the partial order defined in [RR96, Section 2.3]. By [Vie24,
Theorem 1], there is a homeomorphism

|BunG | → B(G).

If µ is a G(Qp)-conjugacy class of minuscule cocharacters, we let B(G,−µ) ⊂ B(G) be the
set of µ−1-admissible elements, as defined in [KPS22, Section 1.1.5]; note that this set is
closed in the partial order and thus defines an open substack

BunG,−µ ⊂ BunG,

via [Sch17, Proposition 12.9]. We use the additive notation −µ instead of the multiplicative
notation µ−1 because −µ′ looks better than (µ′)−1.

2.2.9. Let G be as above and let G be a (quasi-)parahoric model of G over Zp in the sense
of [PR22, Section 2.2]. We recall the stack

ShtG → SpdZp

defined in [DvHKZ24, Section 3.1.2]. Now let µ be as above and let E ⊂ Qp be the reflex
field of µ. Then there is a closed substack

ShtG,µ ⊂ ShtG ×SpdZp
SpdOE ,

see [DvHKZ24, Section 3.1.2]. We further recall the open and closed substack

ShtG,µ,δ=1 ⊂ ShtG,µ

of [DvHKZ24, Section 3.3.8]. We further recall the integral Beauville–Laszlo map BL◦ :
ShtG → BunG, under which ShtG,µ,δ=1 maps to BunG,−µ by [DvHKZ24, Proposition 3.1.10].

2.3. Perfect geometry. Let k be a perfect field and let Affperf
k denote the category of

affine perfect schemes over k. We will equip this with the Grothendieck (pre-)topology where
covers are given by v-covers in the sense of [BS17, Definition 2.1]. By [BS17, Theorem 4.1],
perfect Fp-schemes define v-sheaves on Affperf, and for X a scheme over Fp we will write
Xperf for the perfection of X (the inverse limit over the Frobenius of X). When k = Fp, we
will write Affperf for Affperf

Fp
.

In this section we will recall the theory of Witt-vector shtukas introduced in [Zhu17],[XZ17],[SYZ21].
In order to work in maximal generality, we follow the presentation of [DvHKZ24, Section 3].
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2.3.1. Let G be a connected reductive group over Qp with (quasi-)parahoric model G and
let µ be a G(Qp)-conjugacy class of cocharacters with reflex field E ⊂ Qp. We recall the
Witt vector affine flag variety GrWG from [DvHKZ24, Section 3.1.2]; it is representable by
an ind-(perfectly projective scheme) by [BS17, Theorem 1.1].

Let G−Isoc denote the stack on Affperf sending R to the groupoid of (étale) G-torsors
P over SpecW (R)[1/p] together with an isomorphism

β : σ∗P → P ;

this is a v-stack, see [GIZ25, Proposition 6.3]. There is a homeomorphism |G−Isoc| ≃ B(G),
where now B(G) is equipped with the order topology for the partial order defined in [RR96,
Section 2.3]. We define the closed substack G−Isoc≤−µ ⊂ G−Isoc to be the closed substack
corresponding to B(G,−µ) ⊂ B(G).

Lemma 2.3.2. Let G → H be a closed immersion of connected reductive groups over Qp.
The natural map

G−Isoc×G−Isoc G−Isoc→ G−Isoc×H−Isoc G−Isoc

is representable in closed immersions.

Proof. We can identify the right hand side with the stack of triples (P,Q, α) where P and
Q are G-isocrystals and α : P ×GH → Q×GH is an isomorphism of H-isocrystals. The left
hand side is the stack of triples (E,F, β) where E and F are G-isocrystals and β : E → F
is an isomorphism of G-isocrystals. Thus we are asking that for a triple (P,Q, α) over a
perfect scheme R, there is a closed subscheme SpecB ⊂ SpecR where α uniquely comes
from an isomorphism of G-isocrystals β : P → Q.

The v-topology is subcanonical on perfect schemes, and v-covers are topological quotient
maps (see [Sta23, Tag 0ETP]); thus the property of being representable in closed immersions
is v-local on the target. Thus by [Ans22, Lemma 11.2,Proposition 11.5] we may assume that
the underlying G-bundles of P and Q over SpecW (R)[1/p] are trivial and identify them with
G. Write bP , bQ ∈ G(W (R)[1/p]) for the elements corresponding to βP and βQ, respectively.
Recall the sheaf LH on Affperf which sends R to H(W (R)[1/p]); it is represented by an
ind-(perfect scheme), see [Zhu17, Proposition 1.1]. The set of isomorphisms α is given by
the subfunctor

{h ∈ LH : h−1bPσ(h) = bQ} ⊂ LH

while the set of isomorphisms β is given by the subfunctor

{g ∈ LG : g−1bPσ(g) = bQ} ⊂ LG.

The lemma now follows from the fact that LG→ LH is representable in closed immersions,
see [Zhu17, Lemma 1.2.(ii)]. □

2.3.3. Recall the stack of G-shtukas ShtWG . We further recall

ShtWG,µ ⊂ ShtWG ×Spec Fp
Spec kE ,

see [DvHKZ24, Section 3.1.6]. Recall moreover the natural morphism ShtWG → G−Isoc. If G
is parahoric, then under this map ShtWG,µ is sent to G−Isoc≤−µ (as explained in [DvHKZ24,
Section 3.2.2]).
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Lemma 2.3.4. Let R be a perfect Fp-algebra and let SpecR→ G−Isoc be a morphism cor-
responding to a G-isocrystal (P,Φ). If there is an étale cover R→ R′ such that P×SpecW (R)

SpecW (R′)[ 1p ] is trivial, then the fiber product

ShtWG ×G−Isoc SpecR

is an ind-(perfectly proper and perfectly finitely presented algebraic space) over SpecR.

Proof. By étale descent, it suffices to prove that the basechange via SpecR′ → SpecR is an
ind-perfectly proper ind-scheme. But over SpecR′ there is an isomorphism

ShtWG ×G−Isoc SpecR
′ ≃ SpecR′ ×GrG ,

and the affine flag variety GrG is an ind-(perfectly projective perfectly finitely presented
scheme). □

The following result is a direct consequence of Lemma 2.3.4.

Corollary 2.3.5. Let R be a perfect Fp-algebra and let SpecR → G−Isoc be a morphism
corresponding to a G-isocrystal (P,Φ) over SpecR. If there is an étale cover R → R′ such
that P ×SpecW (R) SpecW (R′)[ 1p ] is trivial, then the fiber product

ShtWG,µ×G−Isoc SpecR

is an ind-(perfectly proper and perfectly finitely presented algebraic space) over SpecR.

2.3.6. We call a perfect scheme X = SpecR a strict comb (cf. [GIZ25, Definition 2.12])
if the set of closed points Xc is closed within X, for every y ∈ π0(X) the corresponding
connected component Xy ⊂ X is isomorphic to SpecVy where Vy is a valuation ring with
algebraically closed fraction field, and the topological space π0(X) is extremally discon-
nected in the sense of [BS15, Definition 2.4.4]. By [BS15, Theorem 1.8], strict combs are in
particular w-contractible.

Proposition 2.3.7. If X = SpecR is a strict comb and G is parahoric, then the natural
map ShtWG,µ(SpecR)→ G−Isoc≤−µ(SpecR) is essentially surjective.

First we recall the following lemma.

Lemma 2.3.8. Let π : Y → X = SpecR be a pro-étale cover. If X is a strict comb, then
π admits a section.

Proof. This is a simple consequence of [BS15, Theorem 1.8]. □

Lemma 2.3.9. Let π : Y → X = SpecR be a perfectly finitely presented morphism which
is a v-cover of perfect schemes. If X is a strict comb, then π admits a section.

Proof. By [BS17, Proposition 3.13] we fix a finitely presented model π0 : Y0 → X for the
morphism π. Because the morphism Y = Y perf

0 → Y0 is a universal homeomorphism and
by [Ryd10, Proposition 2.1] in tandem [BS17, remark after Definition 2.1], the morphism
π0 is also a v-covering. By the universal property of perfection, it suffices to show that π0
admits a section. As the scheme X is affine, by the structure theorem of [Ryd10, Theorem
3.12] the morphism π0 refines to π′

0 : Y ′
0 → X where the morphism π′

0 factors as

Y ′
0
g−→ Z0

f−→ X

with g a quasicompact open cover, and f a finitely presented proper surjective morphism.
By Lemma 2.3.8 it suffices to show that the morphism f admits a section. Indeed, given a
section s of f we reduce to producing a section of Y ′

0 ×Z0
s(X)→ X.
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Let x ∈ π0(X) with fiber Xx ⊂ X. Then Xx ≃ SpecV with V an absolutely integrally
closed valuation ring, and we denote by K the fraction field of V . Then Z0 ×X SpecK is
nonempty because f is surjective, and admits a section because K is algebraically closed
and f is of finite presentation. By the valuative criterion of properness, this extends to a
section s of Z0 ×X SpecV . Now, since the morphism f is finitely presented, we can spread
out this section over a Zariski open neighborhood of Xx, writing Xx as a limit of opens
containing x. As x was arbitrary, we get sections over an open cover of X, and we conclude
by another application of Lemma 2.3.8. □

Proof of Proposition 2.3.7. We follow the proof of [DvHKZ24, Proposition 3.2.3]. We start
with a morphism

SpecR→ G−Isoc≤−µ

corresponding to a G-isocrystal (P, β) over SpecR. By [GIZ25, Lemma 6.4], the torsor
P is trivial over W (R)[1/p], and so β corresponds to an element b ∈ G(W (R)[1/p]). By
Corollary 2.3.5 and its proof, the fiber product (this agrees with the scheme Z(b)µ as defined
in [DvHKZ24, discussion before the proof of Lemma 3.2.4] by inspection)

Z(b)µ = ShtWG,µ×G−Isoc SpecR→ SpecR

is an ind-(perfectly projective perfectly finitely presented perfect scheme) over SpecR. By
[DvHKZ24, Lemma 3.2.4], there is a closed quasicompact subscheme Z ⊂ Z(b)µ such that
Z → SpecR is surjective. Since Z(b)µ is an (ind-perfectly projective perfectly finitely
presented perfect scheme), it follows that Z → SpecR is a perfectly finitely presented
perfectly proper surjection of perfect schemes, and thus admits a section by Lemma 2.3.9;
this concludes the proof. □

2.3.10. We collect the following lemma for later use (cf. [Kot97, Section 6.5]).

Lemma 2.3.11. Let G1 → G2 be an ad-isomorphism of connected reductive groups over
Qp, and let µ, µ′ be two G1(Qp)-conjugacy classes of cocharacters of G1. If B(G1,−µ) ∩
B(G1,−µ′) is nonempty, then the natural map

B(G1,−µ) ∩B(G1,−µ′)→ B(G2,−µ2) ∩B(G2,−µ′
2)

is a bijection.

Proof. By [Kot97, Proposition 4.10], the following diagram is Cartesian

B(G1) π1(G1)GalQp

B(G2) π1(G2)GalQp
.

κG1

κG2

By definition, the sets B(G1,−µ), B(G1,−µ′) both lie in a single fiber of κG1
, and by

assumption this is the same fiber. Similarly, it follows that the sets B(G2,−µ2), B(G2,−µ′
2)

both lie in the same fiber of κG2
. But by the Cartesian diagram above, the map B(G1)→

B(G2) induces a bijection on fibers of the Kottwitz map, and so we are done. □

2.4. Reduction and analytification. In this section, we explain various ways of passing
between sheaves on Perfd and sheaves on Affperf.
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2.4.1. Given a perfect Fp-scheme X, there is a v-sheaf X⋄ on Perfd. When SpecR is an
affine perfect scheme, its functor of points is given by

(SpecR)⋄(A,A+) = (SpecR)(A+),

and the general case is handled by gluing, see [Gle25, Proposition 3.2]. If SpecB → SpecA
is a v-cover of perfect Fp-algebras, then the induced map SpdB → SpdA is v-surjective,
see [Gle25, Proposition 3.7].

2.4.2. For a presheaf in groupoids F : Perfdop → Grpd we recall from [Gle25, Section 3.2]
the reduction F red of F , defined by

F red(A) = Hom(SpdA,F).

If F is a v-stack on Perfd, then F red is a v-stack on Affperf (by the last sentence of Section
2.4.1). We will often use the following lemma implicitly (see [DvHKZ24, Lemma 3.0.6]).

Lemma 2.4.3. Let X be a scheme over Zp. Then the natural map

Xperf
Fp
→ (X⋄)red

is an isomorphism.

2.4.4. There is a functor Perfd→ Affperf sending (R,R+) to R+
red = R+/R◦◦ with R◦◦ ⊂

R+ the ideal of topologically nilpotent elements. For a presheaf of groupoids F on Affperf,
we will write F⋄/◦,pre for the presheaf on Perfd sending (R,R+) to F(R+

red). We use F⋄/◦

to denote its v-sheafification (our notation follows that of [Gle25, Section 4.4]). We have
the following question.

Question 2.4.5. If F is a presheaf on Affperf with v-sheafification F → G, is the natural
map

F⋄/◦ → G⋄/◦

an isomorphism?

In the proof of Theorem 3.3.21, we will use the following proposition to circumvent
answering Question 2.4.5.

Proposition 2.4.6. If G is parahoric, then the natural map (ShtWG,µ)
⋄/◦ → (G−Isoc≤−µ)

⋄/◦

is a v-cover.

2.4.7. Recall from [FS24, proof of Proposition VII.1.6] that a perfectoid space X is w-
contractible if X is strictly totally disconnected, the set of closed points Z ⊂ |X| is closed,
and π0(X) is extremally disconnected.

Lemma 2.4.8. Let (R,R+) ∈ Perfd. If Spa(R,R+) is w-contractible, then SpecR+
red is a

strict comb.

Proof. The natural specialization map |Spa(R,R+)| → |SpecR+
red| of [Gle25, Proposition

4.2] is a homeomorphism by [Gle25, Proposition 4.3]. We deduce that π0(SpecR+
red) is ex-

tremally disconnected and that the set of closed points in SpecR+
red is closed. Now by [Sch17,

Proposition 1.15], every connected component of Spa(R,R+) is isomorphic to Spa(C,C+)
with C an algebraically closed field. It follows from this that the corresponding connected
component of SpecR+

red is isomorphic to SpecC+
red. Now C+

red will itself be a valuation ring,
and its fraction field is algebraically closed since C is algebraically closed. We conclude that
SpecR+

red is a strict comb. □
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We take the time here to state an obvious corollary of this.

Corollary 2.4.9. Let (R,R+) be a product of points, then (R,R+) is w-contractible, in
particular SpecR+

red is a strict comb.

Proof. ThatX = Spa(R,R+) is strictly totally disconnected is [Gle25, Proposition 1.6], from
this and [Gle25, Proposition 4.3] it follows that the map |X| → |SpecR+/ϖ| is a homeo-
morphism for any choice of pseudouniformizer ϖ. On the other hand the map R+ → R+/ϖ
induces a closed immersion SpecR+/ϖ → SpecR+. Since the latter has π0 extremally
disconnected and the set of closed points is closed, the same is true for the closed subset
SpecR+/ϖ, and thus finally for X. □

Lemma 2.4.10. The set of w-contractible affinoid perfectoid spaces forms a basis of the
v-topology.

Proof. This is stated in [FS24, proof of Proposition VII.1.6]. □

Proof of Proposition 2.4.6. By Lemma 2.4.10, it suffices to prove that for (R,R+) ∈ Perfd
with Spa(R,R+) w-contractible, the functor

(ShtWG,µ)
⋄/◦,pre(R,R+)→ (G−Isoc≤−µ)

⋄/◦,pre(R,R+)

is essentially surjective. This functor identifies with

ShtWG,µ(R
+
red)→ G−Isoc≤−µ(R

+
red),

which is essentially surjective by Proposition 2.3.7 and Lemma 2.4.8. □

Lemma 2.4.11. Let N → M be a functor of v-stacks on Affperf that is representable in
closed immersions that are perfectly finitely presented. Then N⋄/◦ →M⋄/◦ is representable
in open immersions.

Proof. This follows from [Gle25, Proposition 4.22], as explained in [Gle25, discussion before
Lemma 4.25]. □

2.4.12. By [Heu25, Lemma 5.2], for a perfect Fp-algebra R we have that (SpecR)⋄/◦,pre =

(SpecR)⋄/◦. This implies as before that for a perfect Fp-scheme X the analytic sheafification
of (R,R+) 7→ X(R+

red) is a v-sheaf.

2.4.13. We note as in [Gle25, Section 4.2] that for a perfect Fp-scheme X there is a natural
map X⋄ → X⋄/◦. By [Gle25, Proposition 4.24], this induces an isomorphism

(X⋄)red → (X⋄/◦)red,

where we note that the left hand side is isomorphic to X by Lemma 2.4.3.

2.4.14. The reduction of the morphism ShtG,µ → BunG can be identified with ShtWG,µ →
G−Isoc, see [DvHKZ24, Lemma 3.1.7], [GIZ25, Theorem 1.11] and [DvHKZ24, Section
3.2.1]. We will write ShtWG,µ,δ=1 ⊂ ShtWG,µ for the reduction of ShtG,µ,δ=1 ⊂ ShtG,µ, which
maps to G−Isoc≤−µ even if G is not parahoric.
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2.4.15. Let R ∈ Affperf together with a map SpecR → G−Isoc, and let SpdR → BunG
be the induced map. Let [b] ∈ B(G) and let Z ⊂ G−Isoc be the (finitely presented, see
[GIZ25, Theorem 6.8] or [RR96]) closed substack corresponding to [b′] ≤ [b], let U ⊂ BunG
be the corresponding open substack. This defines a closed subscheme SpecB ⊂ SpecR and
an open substack (SpdR)U ⊂ SpdR. We learned the following result from Ian Gleason.

Lemma 2.4.16. The natural map SpdR→ (SpecR)⋄/◦ identifies (SpdR)U with the inverse
image of (SpecB)⋄/◦.

Proof. This is a direct consequence of [GI23, Proposition 7.19], together with [Gle25, Dis-
cussion before Lemma 4.25]. □

2.5. Prismatic comparison theorems. Let K be a finite unramified extension of Qp with
ring of integers OK = V0 and residue field k, and let X → Spf OK be a smooth p-adic formal
scheme. Let Vectan,φ(X∆) denote the category of analytic prismatic F -crystals on X (see
[GR24, Definition 3.5]).

2.5.1. We will write LoccrysZp
(Xη) for the category of crystalline Zp-local systems on the

rigid generic fiber Xη of X, see [GR24, Definition 2.31]. We will instead use the superscript
dR when we want to discuss de-Rham local systems, see e.g. [GR24, Definition 2.5].

2.5.2. Fix a reductive group scheme G over Zp with generic fiber G. For a Zp-linear
tensor category C, we will denote by G − C the groupoid of exact Zp-linear tensor functors
RepZp

G → C. Similarly, for a Qp-linear tensor category D, we will denote by G − D the
groupoid of exact Qp-linear tensor functors RepQp

G → D. Let ShtG → SpdZp denote the
stack of G-shtukas and recall the morphism BL◦ : ShtG → BunG. For a v-sheaf Y → SpdZp
we denote by ShtG(Y ) the groupoid of morphisms Y → ShtG over SpdZp.

2.5.3. There is a shtuka-realisation functor

Tsht : G −Vectan,φ(X∆)→ ShtG(X
♢),

see [IKY24, Construction 3.16]. Recall moreover from [IKY25, Section 3.2.2] the functor

Usht : G − LocdRZp
(Xη)→ ShtG(X

♢
η )

and from [IKY23, Section 2.3.4], the étale realization functor

Tét : G −Vectan,φ(X∆)→ G − LoccrysZp
(Xη).

Then by [IKY24, Theorem 3.17], the following diagram is 2-commutative

G −Vectan,φ(X∆) G − LoccrysZp
(Xη)

ShtG(X
♢) ShtG(X

♢
η ).

Tét

Tsht Usht

Moreover, the top horizontal arrow is an equivalence by [IKY24, Proposition 2.22], see also
[GR24], and the bottom horizontal arrow is fully faithful by [PR24, Theorem 2.7.7].



22 POL VAN HOFTEN AND JACK SEMPLINER

2.5.4. Let V0 = W (k) and let Isoc(Xs/V0) be the category of F -isocrystals on the special
fiber Xs.6 Let us write BunG(X

♢) for the groupoid of morphisms X♢ → BunG.

Construction 2.5.5. We now construct a functor

δ∗ : G− Isoc(Xs/V0)→ BunG(X
♢).

Given (R,R+) ∈ Perfd together with an untilt (R♯, R♯+) and a morphism x : Spf R♯+ → X,
we will construct a G-bundle on X(R,R+). For a pseudouniformizer ϖ ∈ R+ with image
ϖ♯ ∈ R♯+ let Modφ(B+

crys(R
+/ϖ)) be the category of φ-modules over B+

crys(R
+/ϖ), which

we note is canonically equivalent to F−Isoc(SpecR♯+/ϖ♯) (see [SW13, Proposition 4.1.3]).
Let Vect(X(R,R+)) be the Qp-linear tensor category of vector bundles on the relative Fargues–
Fontaine curve over Spa(R,R+), then there is an exact Qp-linear tensor functor

δ : Modφ(B+
crys(R

+/ϖ))→ Vect(X(R,R+))

described in [DvHKZ24, Section 2.5.3].7 The functor δ∗ is now given by taking a Qp-linear
exact tensor functor

ω : RepQp
G→ Isoc(Xs/V0)

to the morphism X♢ → BunG which over x : Spd(R,R+)→ X♢ evaluates to

δ ◦ x∗ω.

2.5.6. There is a realization functor (see [GR24, Remark 3.14])

Dcrys : Vect
an,φ(X∆)→ Vectan,φ(Xs,∆) ≃ Isoc(Xs/V0).

Lemma 2.5.7. The following diagram is 2-commutative.

G −Vectan,φ(X∆) ShtG(X
♢)

G− Isoc(Xs/V0) BunG(X
♢).

Tsht

Dcrys BL◦

δ∗

Proof. Let (R,R+) ∈ Perfd together with an untilt (R♯, R♯+) and a morphism x : Spf R♯+ →
X. In this case

G −Vectan,φ
(
(Spf R♯+)∆

)
≃ G − BKF(R♯+),

where BKF(R♯+) is the category of Breuil–Kisin–Fargues modules over R♯+ as in [PR24,
Definition 2.2.4]. Moreover, the functor Tsht factors, by construction, through this equiva-
lence via composition with an Zp-linear exact tensor functor (see [PR24, Definition 2.2.6])

BKF(R♯+)→ Sht(Spd(R,R+)→ SpdZp).
The lemma comes down to showing that the following diagram is 2-commutative.

BKF(R♯+) Sht(Spd(R,R+)→ Spd(Zp))

Modφ(B+
crys(R

+/ϖ)) Vect(X(R,R+)).

BL◦

δ

6Since we do not consider isocrystals without F -structure, we omit the Frobenius from the notation.
7The functor is constructed by pushing out via a φ-equivariant map B+

crys(R
+/ϖ) → OY[r,∞)

(R,R+)

for some r ≫ 0 and then descending to X(R,R+), see [DvHKZ24, Section 2.5.3]; this will be relevant later.
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This is well known and moreover a straightforward consequence of the constructions, see
[DvHKZ24, Section 2.5] for a very similar argument.8 □

2.5.8. Let Xperf
s be the perfection of Xs. There is a functor

ϵ : BunG(X
♢)→ G− Isoc(Xperf

s ) = G−Isoc(Xperf
s /V0)

coming from the isomorphisms (X⋄)red = Xperf
s (see Lemma 2.4.3) and (BunG)

red ≃
G−Isoc, see Section 2.4.14.

Lemma 2.5.9. The composition ϵ ◦ δ∗ is isomorphic to the functor obtained from pullback
along Xperf

s → Xs.

Proof. Morphisms Xperf
s → G−Isoc correspond uniquely to morphisms X⋄

s → BunG. Thus
it suffices to show that for all affinoid perfectoid spaces (R,R+) and for all maps Spd(R,R+)→
X⋄
s , the corresponding G-bundles on X(R,R+) agree. We may moreover replace X⋄

s with
X⋄,pre
s , whose (R,R+)-points are morphisms SpecR+ → Xs.
Unwinding the constructions above, we are trying to show that the following two G-

bundles on X(R,R+) are isomorphic:
• Pull back the G-bundle on X along SpecR+/ϖ → X for some ϖ, and then apply
δ∗.

• Pull back the G-bundle on X to a G-bundle on SpecR+, and then pushforward via
W (R+)[1/p]→ Γ(Y[r,∞)(R,R

+),OY[r,∞)(R,R+)).
This follows from the 2-commutative diagram at the end of the proof of Lemma 2.5.7 above,
with R♯ = R. □

2.6. Recollections on Igusa stacks. Let (G,X) be a Shimura datum of abelian type with
reflex field E, fix a prime number p and write G = G ⊗ Qp. Let v be a prime of E above
p and let E be the v-adic completion of E with ring of integers OE . For K ⊂ G(Af ) we
consider the adic space ShK(G,X)an over SpaE given by the analytification of the Shimura
variety over SpecE. This contains a quasicompact open subspace

ShK(G,X)◦,an ⊂ ShK(G,X)an

called the potentially crystalline locus, see [IM20, Theorem 5.17]. We will write

ShK(G,X)◦,♢ ⊂ ShK(G,X)♢

for the associated diamonds over SpdE. The formation of ShK(G,X)◦,♢ is compatible with
changing K, see [IM20, Corollary 5.29], and we will also consider

Sh(G,X)◦,♢ := lim←−
K⊂G(Af )

ShK(G,X)◦,♢.

Let µ be the G(Qp)-conjugacy class of Hodge cocharacters of G induced by X, v. Consider
the following result of [Zha23], [DvHKZ24], [Kim25] and [DvHKZ24].

Theorem 2.6.1. There is a small v-stack Igs◦ (G,X) over SpdFp equipped with an action
of G(Apf ) and a G(Apf )-invariant map

πHT : Igs◦ (G,X)→ BunG,−µ

8The key point is that W (R+)[1/p] → Γ(Y[r,∞)(R,R+),OY[r,∞)(R,R+)) factors through B+
crys(R

+/ϖ)

for r ≫ 0, see [DvHKZ24, Section 2.5.3].
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fitting in a 2-Cartesian diagram

Sh(G,X)◦,♢ GrG,−µ

Igs◦ (G,X) BunG,−µ .

πHT

BL

πHT

If (G,X) is of PEL type, then Theorem 2.6.1 is [Zha23, Theorem 1.3]. If (G,X) is of Hodge
type, then Theorem 2.6.1 is [DvHKZ24, Theorem I] or [Kim25, Theorem D]. If (G,X) is of
abelian type, then Theorem 2.6.1 is [DvHKZ26, Theorem I].

2.6.2. We consider the following integral refinement of Theorem 2.6.1. Let G be a quasi-
parahoric model of G. Recall the quotient G→ Gc, which induces a parahoric model Gc of
Gc = Gc ⊗ Qp (see [DY25, Section 4.1.1]). Then there is a (conjectural) canonical integral
model SKp(G,X) of ShKp(G,X) over OE , characterized by a morphism

SKp
(G,X)♢/ → ShtGc,µc ,

see [Dan25, Conjecture 4.5] and [PR24, Conjecture 4.2.2]. This conjecture is known in
almost all cases (e.g. if p ≥ 5), see [DY25]. We have the following conjectural refinement of
Theorem 2.6.1.

Conjecture 2.6.3. Given a parahoric model G of G with Kp = G(Zp), we consider the fiber
product

S ShtG,µ,δ=1

Igs◦ (G,X) BunG,−µ .

πcrys

BL◦

πHT

Then S → ShtG,µ → ShtGc,µc is G(Apf )-equivariantly isomorphic to SKp
(G,X)⋄ → ShtGc,µc .

If (G,X) is of Hodge type, then G = Gc and this is [DvHKZ24, Theorem VII]. The
unramified PEL type case is [Zha23, Theorem 1.3].

2.6.4. Now assume that Conjecture 2.6.3 holds. Let G be a quasi-parahoric integral model
of G and write Kp = G(Zp). Then we can take the reduction of (2.6.3) as in [DvHKZ24,
Section 4.3.1] (see Section 2.4.14)

ShKp (G,X) ShtWG,µ,δ=1

Igs◦ (G,X)red G−Isoc≤−µ.

It follows from [DvHKZ24, Proposition 3.0.21, Lemma 3.0.2] that the map ShtWG,µ,δ=1 →
G−Isoc≤−µ is v-surjective, and thus that ShKp (G,X)→ Igs◦ (G,X)red is v-surjective.

2.7. Conjectural exotic Hecke correspondences. In this section we state a conjecture
on the existence of exotic isomorphisms between Igusa stacks, and explain that it generalizes
a conjecture of Xiao–Zhu on the existence of exotic Hecke correspondences.
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2.7.1. Let us start with a Shimura datum (G,X) of abelian type, a prime p and an isomor-
phism C ∼−→ Qp. Let P be a G-torsor over SpecQ that is trivial over SpecQℓ for all ℓ ̸= p,
and let G′ = AutG(P). We let X′ be a Shimura datum for G′. We consider the following
condition on X′ (see Sections 2.1.11, 2.1.12 for the definitions of the involved objects).

Assumption 2.7.2. Under the natural map βPR : B(R,G) → B(R,G′), the class [X] is
mapped to [X′].

2.7.3. Our isomorphism C ∼−→ Qp defines p-adic places v and v′ of the reflex fields E and E′

of (G,X) and (G′,X′), and we let E and E′ be the respective p-adic completions. We write
G = G⊗Qp and G′ = G′ ⊗Qp. Let µ be the G(Qp)-conjugacy class of Hodge cocharacters
induced by X and v, and let µ′ be the G′(Qp)-conjugacy class of Hodge cocharacters induced
by X′ and v′.

2.7.4. The G-torsor P = P⊗Qp over SpecQp defines a SpdFp-point P : SpdFp → BunG
by pullback. Then as explained in [FS24, Section III.4.1] the map

βP : BunG → BunG′

E → IsomG(E , P )
is an isomorphism, which takes P to the trivial G′-torsor on the Fargues–Fontaine curve.
We consider the open substacks BunG,−µ ⊂ BunG and BunG′,−µ′ ⊂ BunG′ and consider

BunG′,P,−µ′,−µ := BunG′,−µ′ ×BunG′βP (BunG,−µ).

2.7.5. We now define two open substacks of our Igusa stacks via pullback diagrams

Igs◦ (G,X)−µ′ Igs◦ (G,X)

BunG′,P,−µ′,−µ BunG′

βP

Igs◦(G′,X′)−µ Igs◦(G′,X′)

BunG′,P,−µ′,−µ BunG′ .

We have the following quite general conjecture. Choose an isomorphism κp : P ⊗ Apf
∼−→

G ⊗ Apf which induces an isomorphism G′ ⊗ Apf
∼−→ G ⊗ Apf which we will use to identify

G′(Apf ) with G(Apf ).

Conjecture 2.7.6. If Assumption 2.7.2 holds and X1(Q,G) = 0, then there is a G(Apf )-
equivariant isomorphism

Igs◦ (G,X)−µ′ → Igs◦(G′,X′)−µ

of v-stacks over BunG′,P,−µ′,−µ.

Remark 2.7.7. The assumption that X1(Q,G) = 0 can be removed if one replaces the
Shimura varieties (and thus the Igusa stacks) for (G,X) with the rational Shimura varieties
for (G,X) of Sempliner–Taylor [ST25] or the extended Shimura varieties of Xiao–Zhu [XZ].
The conjecture should moreover be generalized to allow P to be a basic Kottwitz cocycle in
the sense of [ST25], although then P generally only defines an Fp-point of BunG and so the
generalized conjecture would be for Igusa stacks over Fp.

Remark 2.7.8. The stack BunG,P,−µ,−µ′ is nonempty precisely when the set B(G′, P,−µ,−µ′) :=
βP (B(G,−µ)) ∩ B(G,−µ′) is nonempty. If it is empty, then Conjecture 2.7.6 is vacu-
ous. Assumption 2.7.2 can be seen as an Archimedean analogue of the nonemptiness of
B(G′, P,−µ,−µ′), although it is not clear to us that the conjecture is vacuously true if
Assumption 2.7.2 does not hold.
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Remark 2.7.9. The conjecture extends verbatim to the larger Igusa stacks Igs (G,X) con-
structed in [Kim25],[DvHKZ26].

2.7.10. Taking the reduction of the stacks and morphisms in the previous conjecture, we
obtain an isomorphism (see Section 2.4.14 and Lemma 2.4.16)

βP : G−Isoc→ G′−Isoc,

a closed substack G′−Isoc≤−µ,−µ′ ⊂ G′−Isoc and Cartesian diagrams

Igs◦ (G,X)red−µ′ Igs◦ (G,X)red

G′−Isoc≤−µ,−µ′ G′−Isoc

βP

Igs◦(G′,X′)red−µ Igs◦(G′,X′)red

G′−Isoc≤−µ,−µ′ G′−Isoc.

We have the following direct consequence of Conjecture 2.7.6 for reductions of the Igusa
stacks.

Conjecture 2.7.11. If Assumption 2.7.2 holds and X1(Q,G) = 0, then there is a G(Apf )-
equivariant isomorphism

Igs◦ (G,X)red−µ′ → Igs◦(G′,X′)red−µ

of v-stacks over G′−Isoc≤−µ,−µ′ .

As a corollary of Conjecture 2.7.11, we get the following consequence for Igusa varieties.
Recall that for b : SpecFp → G−Isoc≤−µ, respectively, b′ : SpecFp → G′−Isoc≤−µ′ we
define perfect Igusa varieties as the following fiber products (see [DvHKZ24, Lemma 4.3.3])

Igb (G,X) SpecFp

Igs◦ (G,X)red G−Isoc≤−µ

b

Igb
′
(G′,X′) SpecFp

Igs◦(G′,X′)red G′−Isoc≤−µ′ .

b′

Note that Igb (G,X) receives an action of the σ-centralizer Gb(Qp) of b and that Igb
′
(G′,X′)

receives an action of the σ-centralizer G′
b′(Qp) of b′.

Conjecture 2.7.12. If Assumption 2.7.2 holds and X1(Q,G) = 0, then for b′ : SpecFp →
G′−Isoc≤−µ,−µ′ with corresponding morphism b : SpecFp → G−Isoc≤−µ (under β−1

P ), there
is a G(Apf )×Gb(Qp)-equivariant isomorphism

Igb (G,X)
∼−→ Igb

′
(G′,X′),

where we identify G′
b′(Qp) = Gb(Qp) using βP .

Remark 2.7.13. One can similarly formulate a conjecture about G(Apf ) × G̃b-equivariant
isomorphisms of the v-sheaf Igusa varieties of [DvHKZ24, Section 4.4], which similarly fol-
lows from Conjecture 2.7.6.
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2.7.14. We now assume that Conjecture 2.6.3 holds.9 Choose parahoric models G and G′
of G and G′ respectively and consider the fiber product

ShtWG,µ,G′,µ′,P ShtWG,µ

ShtWG′,µ′ G′−Isoc.

βP

Note that the image of ShtWG,µ,G′,µ′,P → G′−Isoc is precisely G′−Isoc≤−µ,−µ′ . Moreover,
the stack ShtWG,µ,G′,µ′,P fits in a fiber product diagram

ShtWG,µ,G′,µ′,P ShtWG,µ×ShtWG′,µ′

G′−Isoc≤−µ,−µ′ G−Isoc×G′−Isoc.
β−1
P ×1

Finally, by Corollary 2.3.5, the morphisms ShtWG,µ,G′,µ′,P → ShtWG,µ,Sht
W
G′,µ′ are representable

in ind-(perfectly proper and perfectly finitely presented perfect algebraic spaces).

2.7.15. We continue to assume that Conjecture 2.6.3 holds. Let Kp = G(Zp) and K ′
p =

G′(Zp) and let ShKp
(G,X) (resp. ShK′

p
(G′,X′)) be the special fibers of the integral models of

the Shimura varieties for (G,X) (resp. (G′,X′)) of level Kp (resp. K ′
p). Assume Conjecture

2.7.11 and basechange the graph of the isomorphism α of Conjecture 2.7.11 along the natural
map

ShKp (G,X)× ShK′
p
(G′,X′)→ Igs◦ (G,X)red × Igs◦(G′,X′)red.

We obtain using Lemma 2.3.4 an ind-(perfect scheme)

ShP,µ,µ′ → ShKp
(G,X)× ShK′

p
(G′,X′)

which fits in a 2-commutative diagram

ShP,µ,µ′ ShKp (G,X)× ShK′
p
(G′,X′)

(Igs◦ (G,X)red)−µ′ (Igs◦ (G,X)red)−µ′ × (Igs◦(G′,X′)red)−µ.
1×α

Since α is an isomorphism, we see that ShP,µ,µ′ ≃ ShKp
(G,X)×(Igs◦ (G,X)red)−µ′ ShK′

p
(G′,X′)

and fits in a 2-commutative cube

ShKp (G,X) (Igs◦ (G,X)red)−µ′

ShP,µ,µ′ ShK′
p
(G′,X′)

ShtWG,µ G−Isoc≤−µ,−µ′

ShtWG,µ,G′,µ′,P ShtWG′,µ′ .
πHT

9If G = Gc, this is known by [DY25] (for p > 2) and [MW26] (in general).
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The top and bottom faces as well as the left and right faces of the cube are 2-Cartesian,
which implies that the front and back faces are also Cartesian. To conclude, we find that
ShP,µ,µ′ satisfies Conjecture 2.7.16 below.

Conjecture 2.7.16. If Assumption 2.7.2 holds and X1(Q,G) = 0, then there is an ind-
(perfect scheme) ShP,µ,µ′ and a 2-commutative diagram

ShKp (G,X) ShP,µ,µ′ ShK′
p
(G′,X′)

ShtWG,µ ShtWG,µ,G′,µ′,P ShtWG′,µ′

such that both squares are 2-Cartesian.

If P is the trivial torsor and G and G′ are reductive group schemes over Zp, then this
recovers a conjecture of Xiao–Zhu, see [XZ17, Hypothesis 7.3.2].

Remark 2.7.17. We have seen that Conjecture 2.7.6 implies Conjecture 2.7.11. In this
article, we will show that Conjecture 2.7.11 implies Conjecture 2.7.6 under some hypotheses.

3. Isogenies and Igusa stacks

We start this section by recalling the definition of Igusa stacks for Hodge type Shimura
varieties and their relation to canonical integral models at parahoric level of these Shimura
varieties; here we follow [DvHKZ24, Section 5]. In Section 3.3 we prove Theorem 4.

3.1. Recollection on integral models of Shimura varieties of Hodge type. Let
(G,X) be a Shimura datum of Hodge type with reflex field E, let p be a prime and write
G = GQp

. Fix a prime v above p of E and let E be the completion of E at v.

3.1.1. Let G be a stabilizer Bruhat–Tits model of G over Zp and let Kp = G(Zp). Because G
is the stabilizer of a point in the extended building Be(G,Qp), it follows from the discussion
in [KPS22, Section 1.3.2] that there exists a Hodge embedding ι : (G,X) → (GV ,HV ) and
a Zp-lattice VZp

⊂ VQp
on which ψ is Zp-valued, such that G(Z̆p) is the stabilizer in G(Q̆p)

of VZp
⊗Zp

Z̆p. By Zarhin’s trick, see [SYZ21, Remark 2.2.4], we may moreover assume
(after possibly changing ι and the symplectic space) that VZp

is a self-dual lattice. The fact
that G(Z̆p) stabilizes VZ̆p

implies, by [KP23, Corollary 2.10.10], that G→ GV extends to a
morphism G → GV = GSp(VZp

). We denote these data by Ξ = (G, ι, VZp
).

3.1.2. Let Ξ be as above. By [Kis10, Lemma 2.1.2], for Kp ⊂ G(Apf ) we can find Mp ⊂
GV (Apf ) containing Kp such that the natural map

ShK(G,X)→ ShM (GV ,HV )⊗Qp
E

is a closed immersion, where Mp = GSp(VZp
)(Zp) and M = MpMp and K = KpKp.

We then define SK(G,X) to be the normalization of the Zariski closure of ShK(G,X) in
SM (GV ,HV ) ⊗Zp

OE . By [DvHKZ24, Theorem 4.1.3], the integral model SK(G,X) is an
integral canonical model which admits an essentially unique morphism

SK(G,X)⋄
πcrys,G−−−−→ ShtG,µ,δ=1.
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We will also consider

SKp
(G,X) := lim←−

Kp⊂G(Ap
f )

SKpKp
(G,X),

which is equipped with an action of the locally profinite group scheme G(Apf ).

3.1.3. Etale Local Systems. We now summarize [DvHKZ24, Section 5.1.8, 5.1.9]. We will
write π : AΞ → SK(G,X) for the pullback along SK(G,X)→ SM (GV ,HV ) of the universal
abelian variety up to prime-to-p isogeny over SM (GV ,HV ). We will write Vp for the dual
of the pro-étale sheaf

R1π∗Apf

on SK(G,X). It is explained in [KSZ21, Section 5.1.4] that there is an exact tensor functor

Lp : RepQ(G)→ {A
p
f local systems on SK(G,X)}

such that Lp(V ) = Vp, where V is the representation induced by G → GV → GLV .10Over
SKp

(G,X), there is a canonical isomorphism

η : Vp ∼−→ V ⊗ Apf ,

of G(Apf )-torsors, see [KSZ21, Lemma 5.1.9].

3.1.4. Crystals. Let S = Spa(R,R+) be an object in Perfd with an untilt S♯ = Spa(R♯, R♯+),
and let x be a morphism x : Spf R♯+ → ŜK(G,X). By pulling back AΞ along

Spf R♯+ → ŜKp
(G,X)→ ŜM (GV ,HV )⊗Zp

OE ,

we get a formal abelian scheme up to prime-to-p isogeny Ax → Spf R♯+. As explained in
[DvHKZ24, Section 2.5.3], this gives rise to a vector bundle E(Ax) on the relative Fargues–
Fontaine curve XS .

The untilt S♯ along with the composition

Spa(R♯, R♯+)→ SpaR♯+ → (ŜKp
(G,X))ad

determines a point x̃ of SKp(G,X)
⋄
(S). In turn, via the composition

SKp
(G,X)⋄

πcrys−−−→ ShtG,µ
BL◦

−−→ BunG,

x̃ determines a G-torsor Q over XS . By the Tannakian description of G-torsors, see [SW20,
Appendix to Lecture 19], this gives rise to an exact tensor functor

Lcrys,x : RepQp
(G)→ {vector bundles on XS}.

Let Yx := Ax[p
∞] be the p-divisible group over R♯+ associated with Ax. By construction,

the composition

Spa(R♯, R♯+)→ SKp
(G,X)⋄

πcrys−−−→ ShtG,µ → ShtGL(V )

corresponds to the shtuka V (Yx) defined in [DvHKZ24, Section 2.4], see [PR24, Section
4.6.3]. It then follows from [DvHKZ24, Lemma 2.5.5] that there is a canonical isomorphism

Lcrys,x(V ) ≃ E(Ax) ≃ BL◦(V (Yx)).

10As in [DvHKZ24, Section 5.1.8, 5.1.9], we note that what [KSZ21, Section 5.1.4] calls Vp is Lp(V ∗) in
our notation.
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3.1.5. On crystalline tensors. If G is reductive, then X = ŜK(G,X) is a smooth p-adic
formal scheme, see [Kis10], [KMP16]. Recall that the morphism

X⋄ → ShtG,µ

is uniquely characterized by the property that X⋄
η → ShtG,µ recovers Usht applied to the de

Rham G(Zp)-local system given by ShKp(G,X)◦,♢ → X⋄
η , see Section 2.5.3. Thus it makes

sense to ask if X⋄ → ShtG,µ comes (necessarily uniquely) from an object

ω∆ ∈ G −Vectan,φ(X∆).

We have the following theorem of Imai–Kato–Youcis [IKY23, Theorem A] and Madapusi–
Youcis [MY26, Theorem C].

Theorem 3.1.6. If G is reductive, then there is an object ω∆ ∈ G−Vectan,φ(X∆) such that
Tsht(ω∆) gives SK(G,X)⋄ → ShtG,µ.

3.2. Recollections on Igusa stacks. We now review the construction of the Igusa stack
of [DvHKZ24, Section 5.2].

3.2.1. Suppose we are given a Huber pair (R,R+) together with a choice of untilts R♯i for
i = 1, 2 and a pair of abelian schemes up to prime-to-p isogeny Ai/ Spf(R

♯+
i ). We recall the

following definition from [DvHKZ24, Section 2.5.1].

Definition 3.2.2. A formal quasi-isogeny f : A1 99K A2 is a quasi-isogeny

f : A1 ⊗R♯1+ R+/ϖ 99K A2 ⊗R♯2+ R+/ϖ

for some pseudouniformizer ϖ ∈ R+ such that there is a natural map R♯+i → R+/ϖ for
both values of i. This definition does not depend on the choice of ϖ by Serre–Tate lifting
as explained in loc. cit.

3.2.3. Choose Ξ as in Section 3.1.1. Suppose thatA1, A2 arise from points x1 : Spf(R♯1+)→
ŜKp(G,X), x2 : Spf(R♯2+)→ ŜKp(G,X).

Definition 3.2.4. A formal quasi-isogeny f : A1 99K A2 is G-structure preserving away
from p if the induced map on the prime-to-p adelic Tate modules

Vp(f) : Vp(A1 ⊗R+/ϖ)→ Vp(A2 ⊗R+/ϖ)

fits into a commutative square

Vp(A1 ⊗R+/ϖ) Vp(A2 ⊗R+/ϖ)

V ⊗ Apf V ⊗ Apf .

Vp(f)

ηx1
ηx2

For xi as above we write Lxi for point of BunG(R,R+) coming from xi : Spd(R,R
+)→

BunG as before, and note that there is a canonical isomorphism E(Axi
) → Lxi

×G V , see
Section 3.1.4.

Definition 3.2.5. We say that a formal quasi-isogeny f : A1 99K A2 is G-structure preserv-
ing at p if the induced isomorphism (see [DvHKZ24, Section 2.5.3])

f : E(Ax1)→ E(Ax2)

of vector bundles on XS is induced by a (necessarily unique) isomorphism of G-bundles
Lcrys,x1

∼−→ Lcrys,x2
. We say that a formal quasi-isogeny f : A1 99K A2 is G-structure

preserving if f is G-structure preserving at p and G-structure preserving away from p.



A GEOMETRIC JACQUET–LANGLANDS CORRESPONDENCE FOR SHIMURA VARIETIES 31

Given this we can recall [DvHKZ24, Definition 5.2.4].

Definition 3.2.6. We define Igs◦,preΞ (G,X) to be the presheaf of groupoids on Perfd, whose
value on S = Spa(R,R+) is the following groupoid:

• an object is a pair (S♯, x) where S♯ = Spa(R♯, R♯+) is an untilt of S over OE and x
is a map Spf R♯+ → ŜKp

(G,X) of formal schemes over OE ,
• a morphism f : (S♯1 , x1) → (S♯2 , x2) is a formal quasi-isogeny A1 99K A2 which is

G-structure preserving.

This groupoid is 0-truncated by [DvHKZ24, Lemma 5.2.6] and we let Igs◦ (G,X) be the
v-sheafification of its set isomorphism classes (which does not depend on Ξ by [DvHKZ24,
Proposition 7.3.1]). There is a natural map SKp

(G,X)⋄,pre → Igs◦,preΞ (G,X), and it follows
from [DvHKZ24, Theorem 6.0.1] that the following 2-commutative diagram

SKp
(G,X)⋄ ShtG,µ,δ=1

Igs◦ (G,X) BunG

πcrys

BL◦

πHT

of small v-stacks on Perfd is 2-Cartesian.

Remark 3.2.7. Note that the definition of the morphisms in the category Igs◦,preΞ (G,X)(R,R+)
is quite subtle, in particular the untilt is allowed to change between the source and the target.

3.2.8. Choose Ξ = (G, ι, VZp
) as before. We now prove some extra properties of the

Igusa stack under the assumption that G is reductive. Let (R,R+) ∈ Perfd and let
(R♯1 , R♯1+), (R♯2 , R♯2+) be two untilts of (R,R+). Let x : Spf(R♯1+) → Ŝ (G,X), y :

Spf(R♯2+)→ Ŝ (G,X) be two points of ŜKp
(G,X).

Lemma 3.2.9. Suppose that there is a pseudo-uniformizer ϖ ∈ R+ such that the induced
maps x0 : Spec(R+/ϖ) → Spf(R♯1+) → Ŝ (G,X), y0 : Spec(R+/ϖ) → Spf(R♯2+) →
Ŝ (G,X) agree. If G is reductive, then there exists a canonical isomorphism x ∼= y as
sections of Igs◦,preΞ (G,X)(R,R+).

Remark 3.2.10. At first blush, this may seem a bit of a tautology. The subtlety here is
that it is not clear a priori that the identity map Ax⊗R+/ϖ → Ay ⊗R+/ϖ is G-structure
preserving at p. We check that this is in fact true.

Proof of Lemma 3.2.9. It suffices to show that the identity map Ax⊗R+/ϖ → Ay⊗R+/ϖ
is G-structure preserving at p, since it is clearly G-structure preserving away from p. For this
we will use the F -isocrystal with G-structure over SK(G,X) constructed as in Section 2.5.6
from the prismatic F -crystal with G-structure of Imai–Kato–Youcis (see Theorem 3.1.6).

Since x0 = y0, the identity map induces an isomorphism of F -isocrystals with G-structure
over R+/ϖ, and thus by Lemma 2.5.7, it induces an isomorphism of G-bundles on the
Fargues–Fontaine curve X(R,R+). In other words, the identity map is G-structure preserving
at p. □

Lemma 3.2.11. If G is reductive, then the natural map SKp
(G,X)⋄kE → SKp

(G,X)⋄ →
Igs◦ (G,X) is v-surjective.

Proof. It suffices to prove this for the presheaf versions. We need to show that given (R,R+)

and x : Spf R♯+ → ŜKp
(G,X), that x is isomorphic to some y : Spf R+ → ŜKp

(G,X). Since
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the formal scheme is formally smooth because G is reductive, we may lift x ⊗ R+/ϖ to
a point y : Spf R+ → ŜKp

(G,X). By Lemma 3.2.9, we see that x is isomorphic to y in
Igs◦,preΞ (G,X)(R,R+). □

3.2.12. Let (R♯1 , R♯1+), (R♯2 , R♯2+) be two untilts of (R,R+), and let x : Spf(R♯1+) →
Ŝ (G,X), y : Spf(R♯2+)→ Ŝ (G,X) be two points of Ŝ (G,X).

Lemma 3.2.13. If x and y are equal when restricted to SpecR+
red, then x and y are iso-

morphic in Igs◦,preΞ (G,X)(R,R+).

Proof. Let x, y be as in the statement of the proposition, and let x0, y0 denote their restric-
tions to SpecR+

red. By Lemma 3.2.9, it suffices to show that x and y agree when restricted
to SpecR+/ϖ for some pseudo-uniformizer ϖ.

Choose a sufficiently small compact open subgroup Kp ⊂ G(Apf ) so that we have a pro-
étale Kp-torsor SKp(G,X) → SK(G,X). Since R+

red = lim−→J⊂R◦◦ R
+/J , where J runs over

finitely generated ideals contained in R◦◦, it follows from spreading out that the projections
of x and y to SK(G,X) agree when restricted to SpecR+

J for some J .
Now choose a pseudo-uniformizer ϖ. After replacing J by the ideal generated by J

and ϖ, we may assume ϖ ∈ J . Since the topology on R+ is the ϖ-adic topology, we see
that every element of J is nilpotent modulo ϖ implying that J ⊂ (ϖn) for some n. This
shows that the kernel of R+/J → R+

red is generated by p-th power roots of ϖ, so that
SpecR+

red → SpecR+/J is a universal homeomorphism. Since SKp(G,X) → SK(G,X) is
pro-étale, it in fact follows that x and y agree when restricted to SpecR+/J . In particular, x
and y agree when restricted to SpecR+/ϖn for some n, and the lemma follows from Lemma
3.2.9 since ϖn is a pseudo-uniformizer. □

3.2.14. We define IgsspreΞ (G,X) ⊂ Igs◦,preΞ (G,X) to be the presheaf of groupoids consisting
of points x : Spf R♯+ → ŜK(G,X) where R♯ = R. By Lemma 3.2.11 and its proof, the
natural map IgsspreΞ (G,X)→ Igs◦,preΞ (G,X) is an equivalence of presheaves of groupoids if G
is reductive. We let IgssΞ (G,X) be the v-sheafification of IgsspreΞ (G,X); this is per definition
a quotient of ShKp (G,X)⋄ = ŜK(G,X)⋄kE .

3.3. The Igusa stack and its reduction. The goal of this section is to recall the reduction
Igs◦ (G,X)red of [DvHKZ24, Theorem 6.5.1] and to prove Theorem 3.3.21, which shows that
Igs◦ (G,X) can be reconstructed from Igs◦ (G,X)red under some assumptions.

3.3.1. Choose Ξ = (G, ι, VZp
) as before. We will write ShKp

(G,X) for the perfect special
fiber of SKp

(G,X), which is naturally identified with (SKp
(G,X)⋄kE )

red = (SKp
(G,X)⋄)red

(see Lemma 2.4.3). The reduction of the morphism πcrys : SKp
(G,X)⋄ → ShtG,µ gives

rise to a morphism πred
crys : ShKp

(G,X) → ShtWG,µ (see Lemma 2.4.3 and Section 2.4.14).
Its composition with the reduction of BL◦ : ShtG,µ → BunG gives rise to a morphism
ShKp

(G,X)→ G−Isoc, see Section 2.4.14.

3.3.2. For x : SpecR → ShKp
(G,X) we will denote Lcrys,x the induced G-isocrystal over

SpecR. We similarly let E (Ax) be the GLV -isocrystal corresponding to Dieudonné-module
D♮(Ax[p∞]) of the pullback along i : ShKp (G,X) → ShMp(GV ,HV ) of the universal abelian
scheme up to prime-to-p isogeny AΞ. It follows from the discussion in [DvHKZ24, Section
5.1.10] that there is a natural isomorphism

Lcrys,x ×G GLV ≃ E (Ax).
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We will use the induced maps Lcrys,x → E (Ax) below.

Definition 3.3.3. Given (x1, x2) : SpecR → ShKp (G,X) × ShKp (G,X), we say that a
quasi-isogeny f : Ax1 99K Ax2 is G-structure preserving away from p if the induced map on
the prime-to-p adelic Tate modules fits into a commutative square

Vp(Ax1) Vp(Ax2)

V ⊗ Apf V ⊗ Apf .

Vp(f)

ηx1 ηx2

Definition 3.3.4. Given (x1, x2) : SpecR → ShKp
(G,X) × ShKp

(G,X), we say that a
quasi-isogeny f : Ax1

99K Ax2
is G-structure preserving at p if the induced isomorphism (see

[DvHKZ24, Section 2.5.3])
E (Ax1

)→ E (Ax2
)

of GLV -isocrystals on SpecR is induced by a (necessarily unique) isomorphism ofG-isocrystals
fitting in a commutative diagram

Lcrys,x1
Lcrys,x2

E (Ax1) E (Ax2).

We say that f is G-structure preserving if f is G-structure preserving at p and G-structure
preserving away from p.

3.3.5. We define Igspre,perfΞ (G,X) to be the presheaf of groupoids on Affperf
k sending R to the

following groupoid: Its objects are morphisms x : SpecR→ ShKp
(G,X) and its morphisms

x1 → x2 are G-structure preserving quasi-isogenies g : A1 99K A2. We let Igsperf (G,X) be its
v-sheafification. By [DvHKZ24, Theorem 6.5.1], the reduction of the Igusa stack morphism
gives a v-quotient

ShKp
(G,X)→ Igs◦ (G,X)red

which agrees with the v-quotient given by Igsperf (G,X).

3.3.6. We now begin our comparison of the Igusa stack with its reduction. Assume for
the rest of this section that G is reductive (although we will restate these assumptions
when stating results). We write Igspre,⋄/◦Ξ (G,X) for (Igspre,perfΞ (G,X))⋄/◦,pre and Igs

⋄/◦
Ξ (G,X)

for its v-sheafification (Igspre,perfΞ (G,X))⋄/◦.

3.3.7. We want to define a morphism IgsspreΞ (G,X) → Igs
pre,⋄/◦
Ξ (G,X), which will require

the following lemma.

Lemma 3.3.8. Let (R,R+) ∈ Perfd. Let x1,2 : Spf R+ → ŜKp
(G,X) and let f : Ax1

99K
Ax2

be a formal quasi-isogeny. Assume that G is reductive. If f is G-structure preserving,
then so is its reduction fred : Ax1

⊗R+
red 99K Ax2

⊗R+
red

Proof. That fred is G-structure preserving away from p follows from the fact that SpecR+
red →

SpecR+/ϖ is a universal homeomorphism, so it remains to check that fred is G-structure
preserving at p. There is a closed subset of SpecR+

red where fred is G-structure preserving at
p, see Lemma 2.3.2. Since Spec(R◦

red) is Zariski dense in Spec(R+
red) (because R+

red → R◦
red

is injective), we may thus assume that R+ = R◦.
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We once again make use of the prismatic F -crystal with G-structure of Theorem 3.1.6,
using the assumption that G is reductive. By Lemma 2.5.7, the morphism ŜKp

(G,X)♢ →
BunG is induced from an F -isocrystal with G-structure on SKp

(G,X)kE . Since we have
assumed R+ = R◦, the functor sending an F -isocrystal on SpecR+/ϖ to a vector bundle
on X(R,R+) is fully faithful, see [Far16, discussion after Corollary 6.3]. Thus since f is G-
structure preserving, it follows that f induces an isomorphism of F -crystals with G-structure
over SpecR+/ϖ. It follows that fred induces an isomorphism of F -crystal with G-structure
over SpecR+

red. By Lemma 2.5.9, this implies that fred is G-structure preserving at p. □

Construction 3.3.9. Consider the morphism ρΞ : IgsspreΞ (G,X)→ Igs
pre,⋄/◦
Ξ (G,X) defined

on (R,R+) points by: On objects we send x : Spf R+ → ŜKp
(G,X) to the induced morphism

SpecR+
red → ShKp (G,X) by restriction to SpecR+

red, and on morphisms it takes a formal
quasi-isogeny Ax 99K Ay to its restriction to SpecR+

red; this is well defined by Lemma 3.3.8.

Lemma 3.3.10. The following diagram is 2-commutative

ShKp
(G,X)⋄,pre ShKp

(G,X)⋄/◦,pre

IgsspreΞ (G,X) Igs
pre,⋄/◦
Ξ (G,X).

ρΞ

Proof. This is a straightforward consequence of Construction 3.3.9, the point being that
the map ShKp (G,X)

⋄,pre → ShKp
(G,X)⋄/◦,pre is the map sending a Spf R+-point x of

ŜKp(G,X) to the restriction of x to SpecR+
red. Lemma 3.3.8 is precisely the statement

that this morphism is compatible with the (0-truncated) groupoids defining IgsspreΞ (G,X)

and Igs
pre,⋄/◦
Ξ (G,X). □

Theorem 3.3.11. If G is reductive, then ρΞ : IgsspreΞ (G,X) → Igs
pre,⋄/◦
Ξ (G,X) is an iso-

morphism.

Lemma 3.3.12. If G is reductive, then the morphism ShKp
(G,X)⋄,pre → ShKp

(G,X)⋄/◦,pre

is surjective.

Proof. Let (R,R+) ∈ Perfd and let x0 : SpecR+
red → ShKp

(G,X) be a morphism. By Lemma
3.2.13, it suffices to show that x0 can be lifted to a morphism x : Spf R+/ϖ → SKp

(G,X).
By spreading out as in the proof of Lemma 3.2.9, we see that x0 lifts to a morphism
Spf R+/J → ŜKp(G,X) for some finitely generated ideal J ⊂ (ϖn) for some n. Using
the formal smoothness as in the proof of Lemma 3.2.11, it moreover lifts to a morphism
Spf R+ → ŜKp

(G,X). □

3.3.13. Let (R,R+) ∈ Perfd and let s be a section of the morphism of rings R+ → R+
red (in

particular we are assuming such a section exists).

Lemma 3.3.14. Let x0, y0 : SpecR+
red → ShKp

(G,X) and let f0 : Ax0
99K Ay0 be a

G-structure preserving quasi-isogeny. Consider x = x0 ◦ s and y = y0 ◦ s as morphism
Spf R+ → ŜKp

(G,X) and let f̃ : Ax 99K Ay be the quasi-isogeny induced by f0. For a
pseudo-uniformizer ϖ ∈ R+ we write f for the formal quasi-isogeny induced by restricting
f̃ to R+/ϖ. If G is reductive, then f is G-structure preserving.
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Proof. That f is G-structure preserving away from p follows from the fact that SpecR+
red →

SpecR+/ϖ is a universal homeomorphism, so it remains to check that f is G-structure
preserving at p.

We once again make use of the prismatic F -crystal with G-structure of Theorem 3.1.6,
using the assumption that G is reductive. By Lemma 2.5.7, the morphism ŜKp(G,X)

♢ →
BunG is induced from an F -isocrystal with G-structure on SKp(G,X)kE . Since f0 is G-
structure preserving (i.e., induces an isomorphism of F -isocrystals with G-structure), it
follows from Lemma 2.5.9 that f̃ induces an isomorphism of F -isocrystals with G-structure
over R+. It follows that f induces an isomorphism of F -isocrystals with G-structure over
R+/ϖ, and thus f is G-structure preserving by Lemma 2.5.7. □

Let (R,R+) ∈ Perfd and let s be a section of the morphism of rings R+ → R+
red.

Construction 3.3.15. Assume that G is reductive. Then there is a functor σΞ,s : Igs
pre,⋄/◦
Ξ (G,X)(R,R+)→

IgsspreΞ (G,X)(R,R+) given by: On objects sending x0 : SpecR+
red → ShKp (G,X) to x =

x0 ◦ s : Spf R+ → ŜKp(G,X), on morphisms sending f0 : Ax0 99K Ay0 to the restriction of
f̃ to R+/ϖ; this is well defined by Lemma 3.3.14.

Proposition 3.3.16. Let (R,R+) ∈ Perfd and assume that G is reductive. If the morphism
of rings R+ → R+

red admits a section s, then ρΞ(R,R
+) is an equivalence of categories with

quasi-inverse σΞ,s.

Proof. Take (R,R+) ∈ Perfd. It suffices to show that ρΞ(R,R+)◦σΞ,s and σΞ,s ◦ρΞ(R,R+)
are naturally isomorphic to the identity. The former composition is the identity on objects
(the restriction of x0 ◦ s to SpecR+

red equals x0). The latter composition is naturally iso-
morphic to the identity by Lemma 3.2.13, which says that x is uniquely isomorphic to x0 ◦ s
in IgsspreΞ (G,X)(R,R+). □

3.3.17. We now prove fully faithfulness of ρΞ, for which we start with the following simple
observation of Heuer, see [Heu21].

Lemma 3.3.18. Let (R,R+) be a perfectoid Huber pair, let ϖ ∈ R+ be a pseudo-uniformizer.
For abelian schemes A,B over SpecR+/ϖ with reductions A0 and B0 over R+

red, the natural
map

HomR+/ϖ(A,B)⊗Z Q→ HomR+
red

(A0, B0)⊗Z Q

is a bijection.

Proof. It is injective (even before tensoring by Q) by [MFK94, Proposition 6.1]. To prove
surjectivity, let f ∈ HomR+

red
(A0, B0) ⊗Z Q. Since R+

red = lim−→J⊂R◦◦ R
+/J , where J runs

over finitely generated ideals contained in R◦◦, we can use spreading out to lift f to a quasi-
isogeny over R+/J . After replacing J by the ideal generated by J and ϖ, we may assume
ϖ ∈ J . Then since J/ϖ is a nilpotent ideal of R+/ϖ, we can lift f to a quasi-isogeny over
R+/ϖ by the rigidity of quasi-isogenies [Kat81, Lemma 1.1.3]. □

Proposition 3.3.19. If G is reductive, then the morphism ρΞ : IgsspreΞ (G,X)→ Igs
pre,⋄/◦
Ξ (G,X)

of presheaves of groupoids is fully faithful.

Proof. The faithfulness follows from Lemma 3.3.18. For fullness, we take (R,R+) ∈ Perfd,
two morphisms x1, x2 : Spf R+ → ŜKp(G,X) and a G-structure preserving quasi-isogeny
f0 : Ax1,R

+
red

99K Ax2,R
+
red

. By Lemma 3.3.18, we know that f0 lifts uniquely to a quasi-
isogeny f : Ax1,R+/ϖ 99K Ax2,R+/ϖ, and it suffices to show that f is G-structure preserving
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at p. By Lemma 2.2.6, there is a closed subset Z ⊂ Spd(R,R+) over which f is G-structure
preserving. To show that Z equals all of Spd(R,R+), it suffices to show that Z contains
all rank one geometric points of |Spd(R,R+)| (e.g. by [Sch17, Lemma 11.11] and the fact
that closed immersions are partially proper). In other words, we have to show that f is
G-structure preserving at p in the special case that (R,R+) = (C,OC). In this case, the
morphism OC → k = Ored

C admits a section by [DvHKZ24, Lemma 6.2.1]. We may thus
apply Proposition 3.3.16 to conclude that ρΞ is fully faithful, which by the uniqueness of f
implies that f must be G-structure preserving at p. □

We can now finish the proof of Theorem 3.3.11.

Proof of Theorem 3.3.11. The morphism IgsspreΞ (G,X)→ Igs
pre,⋄/◦
Ξ (G,X) is fully faithful by

Proposition 3.3.19, thus it suffices to show it is also essentially surjective, which follows from
Lemma 3.3.12. □

3.3.20. We have the following corollary of Theorem 3.3.11.11

Theorem 3.3.21. If G is reductive, then there is a commutative diagram

ShKp
(G,X)⋄ ShKp

(G,X)⋄/◦

Igss (G,X) (Igsperf (G,X))⋄/◦,

where the bottom horizontal arrow is an isomorphism.

The following proposition is the essential ingredient in the proof.

Proposition 3.3.22. The natural map ShKp
(G,X)⋄/◦ → (Igsperf)⋄/◦ is v-surjective.

Proof. Using the Cartesian diagram

ShKp
(G,X)⋄/◦ (ShtWG,µ,δ=1)

⋄/◦

(Igsperf (G,X))⋄/◦ (G−Isoc≤−µ)
⋄/◦,

it suffices to show that (ShtWG,µ,δ=1)
⋄/◦ → (G−Isoc≤−µ)

⋄/◦ is v-surjective. If G◦ is the
identity component of G, then we have a natural map ShtWG◦,µ → ShtWG,µ,δ=1. We may
therefore assume that G is parahoric, and then the result is Proposition 2.4.6. □

Proof of Theorem 3.3.21. Write Rperf = ShKp (G,X) ×Igspre,perf (G,X) ShKp (G,X). This is in
fact a sheaf; this follows from the ind-representability of the sheaf of quasi-isogenies between
two abelian schemes.12 Therefore, Rperf is also equal to (since sheafification preserves fiber
products)

ShKp
(G,X)×Igsperf (G,X) ShKp

(G,X).

11If Question 2.4.5 had a positive answer, it would be an immediate corollary.
12Note that the condition that a quasi-isogeny is G-structure preserving is representable in closed im-

mersions, see Lemma 2.3.2 for the representability in closed immersions of being G-structure preserving at
p; the representability in closed immersions of being G-structure preserving away from p follows from the
fact that G(Ap

f ) → GV (Ap
f ) is a closed immersion.
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Write Rpre = ShKp (G,X)
⋄,pre ×IgsspreΞ (G,X) ShKp (G,X)

⋄,pre. Then the following diagram

Rpre
(
Rperf

)⋄/◦,pre
ShKp (G,X)

⋄,pre
ShKp (G,X)

⋄/◦,pre

IgsspreΞ (G,X) (Igspre,perfΞ (G,X))⋄/◦,pre Igsperf (G,X)⋄/◦,pre.
ρΞ

is commutative by Lemma 3.3.10, and the bottom left horizontal morphism is an isomor-
phism by Theorem 3.3.11. The top diagram is moreover Cartesian; this follows from the
bottom left horizontal map being an isomorphism. We moreover observe that the rightmost
vertical arrow is v-surjective by definition.

Applying v-sheafification, we get the following commutative diagram

R
(
Rperf

)⋄/◦
ShKp (G,X)

⋄
ShKp (G,X)

⋄/◦

Igs◦ (G,X) Igspre,perfΞ (G,X)⋄/◦ Igsperf (G,X)⋄/◦,
ρΞ

in which the top square is still Cartesian. The natural map

ShKp (G,X)
⋄/◦ ×Igspre,perf

Ξ (G,X)⋄/◦ ShKp (G,X)
⋄/◦ → ShKp (G,X)

⋄/◦ ×Igsperf (G,X)⋄/◦ ShKp (G,X)
⋄/◦

is an isomorphism since this is true before applying ⋄/◦ and since sheafification commutes
with fiber products. Thus

Igspre,perfΞ (G,X))⋄/◦ → Igsperf (G,X)⋄/◦

is injective, and it remains to prove it is also v-surjective. This follows directly from Propo-
sition 3.3.22 and Lemma 3.3.12. □

3.3.23. We collect the following result for later use. Let Z ⊂ B(G,−µ) be a closed sub-
set defining a closed subfunctor Igsperf (G,X)Z ⊂ Igsperf (G,X) and an open subfunctor
Igs◦ (G,X)Z ⊂ Igs◦ (G,X). Recall that Theorem 3.3.21 gives us a natural isomorphism
Igsperf (G,X)⋄/◦ → Igs◦ (G,X).

Proposition 3.3.24. The natural map (Igsperf (G,X)Z)
⋄/◦ → Igsperf (G,X)⋄/◦ → Igs◦ (G,X)

induces an isomorphism between (Igsperf (G,X)Z)
⋄/◦ and Igs◦ (G,X)Z .

In other words, applying ⋄/◦ to the schematic (closed union of) Newton strata Igsperf (G,X)Z
gives the analytic (open union of) Newton strata Igs◦ (G,X)Z .

Proof of Proposition 3.3.24. It follows from Lemma 2.4.11 that

(Igsperf (G,X)Z)
⋄/◦ → Igsperf (G,X)⋄/◦

∼−→ Igs◦ (G,X)
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is representable in open immersions, and the same is true for Igs◦ (G,X)Z → Igs◦ (G,X). So
we have two open subfunctors that we are trying to check are equal, and we can do this
after pullback via the v-cover ShKp

(G,X)⋄ → Igs◦ (G,X) of Lemma 3.2.11. We can moreover
pass to an open cover of ShKp

(G,X)⋄ given by affine opens, and the result then follows from
Lemma 2.4.16 and descent. □

4. Correspondences

In Section 4.1 we define a subsheaf IgsCorrΩ,P of Igs◦ (G,X)× Igs◦(G′,X′) that is conjec-
turally the graph of the exotic isomorphism of Conjecture 1. This depends a priori on a large
number of choices (captured by the subscript Ω), and we check that it is in fact functorial
in Section 4.2. In Section 4.3 we define a similar subsheaf IgsCorrperfΩ,P of the product of the
perfect Igusa stacks, and in Section 4.4, we verify that (IgsCorrΩ,P)

red = IgsCorrperfΩ,P .

4.1. Correspondences. Here we construct a correspondence between the Igusa stacks as-
sociated to two different Shimura data, see Definition 4.1.12. We conjecture that this cor-
respondence is the graph of an isomorphism between two open substacks, see Conjecture
4.1.14.

4.1.1. Let G be a smooth group scheme over an affine scheme SpecA, and write RepA G
for the category of representations of G on finite projective A-modules. Let P be an étale
G-torsor and let G′ = AutG(P) be the corresponding pure inner form.

Construction 4.1.2. Given V ∈ RepA G we consider V ′ = V ×G P, on which G′ naturally
acts on the left.13 The addition on V induces a binary operation on V ′ with identity element
given by 0×G P→ V ′.14

Lemma 4.1.3. For V ∈ RepA G as above, the sheaf V ′ defined above is representable by a
finite projective A-module, and the functor βP : V 7→ V ×G P (equipped with its left action
of G′) induces an equivalence

RepA G→ RepA G′

of A-linear tensor categories.

Proof. The functor becomes isomorphic to the identity functor over an étale cover of A
trivializing P, and the lemma thus follows from étale descent (for projective modules on the
stack [SpecA/G], see [Sta23, Tag 023S]). □

4.1.4. Now let (V, ψ) be a symplectic vector space over F with similitude group GV = GV,ψ,
let P be a GV -torsor over F and let G′ be as above. Then V ′ = βP(V ) is a vector space over
F equipped with a perfect alternating pairing

ψ′ : V ′ ⊗ V ′ → βP(F(1)),

where F(1) is the one-dimensional representation of GV where GV acts on F through the
similitude character sim : GV → Gm. There is a similitude group GV ′ = GV ′,ψ′ of au-
tomorphisms of V ′ which commute with ψ′ up to a scalar. If we choose an isomorphism

13Here we are conflating the A-module V with the sheaf B 7→ V ⊗A B, which is represented by the total
space of the vector bundle corresponding to V .

14The map V × V × P × P = V × V × P × G → V × P given by (v, w, p, gp) 7→ (g−1v + w, p) is
G×G-equivariant via projection onto the second factor, and thus induces a binary operation V ′ ×V ′ → V ′.
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βP(F(1))
∼−→ F or equivalently an isomorphism P×GV Gm → Gm, then (V ′, ψ′) is a symplec-

tic vector space over F and GV ′,ψ′ is its group of symplectic similitudes. This allows us to
equip GV ′ with the standard Siegel Shimura datum (which does not depend on any choices).

4.1.5. In order to define our correspondences there are a number of choices to make. We
first fix a prime p and an isomorphism C ∼−→ Qp. We fix a Shimura datum (G,X) of
Hodge type and a G-torsor P, write G′ = AutG(P) and let X′ be a Shimura datum for
G′. We fix a Hodge embedding ι : (G,X) → (GV ,HV ), write PV = P ×G,ι GV , and we
write (GV ′ ,HV ′) for the Siegel Shimura datum of Section 4.1.4, so that there is an induced
morphism ι′ : G′ → GV ′ .

We further choose an isomorphism κp : P ⊗ Apf → G ⊗ Apf (in particular assuming such
an isomorphism exists), which induces an identification χκp : G⊗Apf

∼−→ G′⊗Apf . Moreover,
it induces an isomorphism νκp : V ⊗ Apf

∼−→ V ′ ⊗ Apf of representations of G ⊗ Apf
χκp−−→

G′ ⊗ Apf . We further extend ι and ι′ to triples Ξ = (G, ι, VZp) and Ξ′ = (G′, ι′, V ′
Zp
) as

above (in particular we assume that this is possible). We denote these data by the notation
Ω = (ι,G,G′, VZp

, V ′
Zp
, κp), which we call a Hodge datum for (G,X,P). Consider the following

assumption on X′.

Assumption 4.1.6. The morphism ι′ underlies a morphism of Shimura data (G′,X′) →
(GV ′ ,HV ′).

We will call the Hodge datum Ω admissible if Assumption 4.1.6 holds. We will write
Kp = G(Zp) and K ′

p = G′(Zp). We will use the notation P = PQp
and PV = PV,Qp

.

Remark 4.1.7. By [XZ, Proposition 6.3.8], Assumption 4.1.6 implies Assumption 2.7.2.

4.1.8. Suppose that we are given (R,R+) ∈ Perfd, untilts R♯i for i = 1, 2 and morphisms
x : Spf R♯1+ → ŜKp(G,X), y : Spf R♯2+ → ŜK′

p
(G′,X′). We note that there is a canonical

isomorphism of GV ′ -bundles

βP (Lcrys,x)×ι
′,G′

GV ′ = βPV

(
Lcrys,x ×ι,G GV

)
.

Definition 4.1.9. We say that a formal quasi-isogeny f : Ax 99K Ay is Ω-structure pre-
serving away from p if the induced map on the prime-to-p adelic Tate modules

V p(f) : V p(Ax ⊗R+/ϖ)→ V p(Ay ⊗R+/ϖ)

fits into a commutative square

V p(Ax ⊗R+/ϖ) V p(Ay ⊗R+/ϖ)

V ⊗ Apf V ′ ⊗ Apf .

V p(f)

ηx ηy

νκp

We say that f is Ω-structure preserving at p if there exists a (necessarily unique) isomorphism
of G′-bundles φx,y : βP (Lcrys,x)

∼−→ Lcrys,y whose pushout along G′ → GLV ′ recovers the
isomorphism of GLV ′ -bundles

E(Ax)
E(f)−−−→ E(Ay),

using the identifications

E(Ax) = βPV

(
Lcrys,x ×ι,G GV

)
= βP (Lcrys,x)×ι

′,G′
GV ′

E(Ay) = Lcrys,y ×ι
′,G′

GV ′ .
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We say that f is Ω-structure preserving if it is both Ω-structure preserving away from p and
Ω-structure preserving at p.

Remark 4.1.10. Given an isomorphism κp : P → G of G-torsors with induced isomorphism
κp : PV → GV , we can identify βP and βPV

with the identity map. Then f is Ω-structure
preserving at p precisely when it is G-structure preserving at p.

Remark 4.1.11. There is some asymmetry in primes ℓ ̸= p and the prime p in Definition
4.1.9 having to do with the fact that the Igusa stack Igs◦ (G,X) has "infinite level away from
p". If we instead worked with Igs◦ (G,X)/G(Apf ) then we would not have to fix κp and would
instead ask that V p(f) preserves certain tensors, see [DvHKZ24, Section 5.1.9].

Definition 4.1.12. We define the space IgsCorrpreΩ,P to be the presheaf in groupoids on
Perfdop which assigns to a Huber pair (R,R+) the following category: Its objects are
quintuples (R♯1 , R♯2 , x, y, f) where

(R♯1 , R♯1+, x) ∈ Igs◦,preΞ (G,X)

(R♯2 , R♯2+, y) ∈ Igs◦,preΞ′ (G′,X′)

f : Ax 99K Ay

where f is a formal quasi-isogeny that is Ω-structure preserving. The morphisms (R♯1 , R♯2 , x, y, f)→
(R♯3 , R♯4 , x′, y′, f ′) in IgsCorrpreΩ,P(R,R

+) are commutative diagrams of formal quasi-isogenies

Ax Ay

Ax′ Ay′

g1

f

g2

f ′

such that g1 is G-structure preserving and g2 is G′-structure preserving. We define the space
IgsCorrΩ,P to be the v-sheafification of the presheaf of isomorphism classes of IgsCorrpreΩ,P.

We note that by the definition of IgsCorrpreΩ,P it lies in a 2-commutative diagram

(4.1.1)

IgsCorrpreΩ,P BunG

Igs◦,preΞ (G,X)× Igs◦,preΞ′ (G′,X′) BunG×BunG′ .

(Id,βP)

Lemma 4.1.13. The morphisms IgsCorrΩ,P → Igs◦ (G,X) and IgsCorrΩ,P → Igs◦(G′,X′)
are monomorphisms with image contained in Igs◦ (G,X)−µ′ and Igs◦(G′,X′)−µ respectively.

Proof. The map of presheaves in groupoids IgsCorrpreΩ,P → Igs◦,preΞ (G,X) is a fully faithful
functor, because in the definition of morphisms it is clear that g1 uniquely determines g2.
By symmetry the same is true for the map IgsCorrpreΩ,P → Igs◦,preΞ′ (G′,X′). The fact that the
image lies in Igs◦ (G,X)−µ′ follows from the fact that Igs◦,pre (G,X) maps to BunG,−µ and
that Igs◦,pre(G′,X′) maps to BunG′,−µ′ , in combination with (4.1.1). □

Conjecture 4.1.14. If X1(Q,G) = 0, then the morphisms IgsCorrΩ,P → Igs◦ (G,X)−µ′

and IgsCorrΩ,P → Igs◦(G′,X′)−µ are isomorphisms.

Note that Conjecture 4.1.14 implies Conjecture 2.7.6.

Remark 4.1.15. It is not at all clear that IgsCorrΩ,P is nonempty, even when G is a torus.



A GEOMETRIC JACQUET–LANGLANDS CORRESPONDENCE FOR SHIMURA VARIETIES 41

4.1.16. Recall our identification χκp : G⊗ Apf
∼−→ G′ ⊗ Apf induced by κp. Note that under

this identification, for g ∈ G(Apf ), the following diagram commutes

V ⊗ Apf V ′ ⊗ Apf

V ⊗ Apf V ′ ⊗ Apf .

νκp

g χκp (g)

νκp

It follows from this that IgsCorrΩ,P ⊂ Igs◦ (G,X) × Igs◦(G′,X′) is stable under the action
of G(Apf ) via G(Apf )

1×χκp−−−−→ G(Apf ) × G′(Apf ). Therefore, the obvious forgetful morphisms
IgsCorrΩ,P → Igs◦ (G,X) and IgsCorrΩ,P → Igs◦(G′,X′) are G(Apf )-equivariant.

4.1.17. We start with the following trivial case of Conjecture 4.1.14.

Lemma 4.1.18. Suppose that (G,X) = (GV ,HV ) and that ι is the identity. Then Conjecture
4.1.14 holds.

Proof. We first note that if Ω′ = (ι,G,G′, VZp
, V ′

Zp
, g ◦ κp) for g ∈ G(Apf ), then there is an

induced isomorphism (which does not commute with the projection map to Igs◦(G′,X′)!)

IgsCorrΩ,P
g−→ IgsCorrΩ′,P

given on objects by postcomposing ηy by χκp(g) and given by the identity on morphisms.
Thus we can choose a trivialization κV : P −→ GV inducing κp. By weak approximation for
GV (Q)→ GV (Qp), and the fact that all self dual lattices in (VQp

, ψ) are GV (Qp)-conjugate,
we may moreover change κV to assume that VZp

= V ′
Zp

under V = V ′. It is now a direct
consequence of the definition that

IgsCorrpreΩ,P → Igs◦,preΞ (GV ,HV )× Igs◦,preΞ (GV ,HV )

may be identified with

Igs◦,preΞ ×Igs◦,preΞ
Igs◦,preΞ → Igs◦,preΞ × Igs◦,preΞ ,

compatible with the maps to IgsCorrpreΩ,P → BunGV
×BunGV

BunGV
. Conjecture 4.1.14 now

asserts that the maps

Igs◦(GV ,HV )
∆−→ Igs◦(GV ,HV )×Igs◦(GV ,HV ) Igs

◦(GV ,HV )
p1,2−−→ Igs◦(GV ,HV )

are isomorphisms, which is tautologically true. □

Corollary 4.1.19. Suppose that (G,X) = (GV ,HV ) and that ι is the identity, then IgsCorrpreΩ,P

only depends on P, κp, and not on VZp , V
′
Zp

.

Proof. This follows from the proof of Lemma 4.1.18 by inspection. □

Let us now write IgsCorrpre
PV,κ

p
V

for IgsCorrpreΩ,P when (G,X) = (GV ,HV ) and ι is the identity.

4.1.20. Let (G,X),P, κp be as above, let ι : (G,X)→ (GV ,HV ) be a Hodge embedding and
let κpV : PV ⊗ Apf → GV ⊗ Apf be induced from κp. Assume that Assumption 4.1.6 holds,
and define

IgsCorrP,ι,κp
naive := (Igs◦ (G,X)× Igs◦(G′,X′))×Igs◦(GV ,HV )×Igs◦(GV ′ ,HV ′ ) IgsCorrPV,κ

p
V

IgsCorrP,ι,κp := IgsCorrP,ι,κp
naive×(

BunG ×BunG
V ′

BunG′
) (BunG×BunG′ BunG′

)
.
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Proposition 4.1.21. If Ω is an admissible Hodge datum containing ι and κp, then IgsCorrΩ,P
is isomorphic to IgsCorrP,ι,κp compatible with the structure maps to Igs◦ (G,X)× Igs◦(G′,X′)
and to BunG×BunG′ BunG′

Proof. The fiber product

(IgsCorrP,ι,κp)
naive

:=
(
Igs◦,preΞ (G,X)× Igs◦,preΞ′ (G′,X′)

)
×Igs◦,preΞ (GV ,HV )×Igs◦,pre

Ξ′ (GV ′ ,HV ′ ) IgsCorr
pre
PV,κ

p
V

is the presheaf of groupoids on Perfd sending (R,R+) to the groupoid of quintuples (R♯1 , R♯2 , x1, x2, f)
as in Definition 4.1.12, except that f is only required to be Ω-structure preserving away from
p. The further fiber product with

BunG×BunG′ BunG′

over

BunG×BunG
V ′

BunG′

enforces the condition that f is Ω-structure preserving at p. Since stackification preserves
fiber products, we are done. □

A particular consequence of Proposition 4.1.21 is that IgsCorrΩ,P does not depend on the
choice of stabilizer quasi-parahoric integral models.

Remark 4.1.22. It follows as in the proof of Lemma 4.1.13 that the natural map IgsCorrP,ι,κp →
Igs◦ (G,X) factors through Igs◦ (G,X)−µ′ and similarly that the map IgsCorrP,ι,κp → Igs◦(G′,X′)

factors through Igs◦(G′,X′)−µ. The downside of the definition of IgsCorrP,ι,κp is that it is
not clear that the natural maps IgsCorrP,ι,κp → Igs◦ (G,X), Igs◦(G′,X′) are monomorphisms,
unless there is an admissible Hodge datum Ω containing ι and κp.

4.2. Functoriality. In this section we prove that the construction of Section 4.1 is func-
torial for morphisms a : (G1,X1) → (G2,X2), compatible with the functoriality of Igusa
stacks.

4.2.1. Let (G1,X1) be a Shimura datum of Hodge type, let P1 be a G1-torsor over SpecQ
that is trivial over Apf . Let G′

1 = AutG1
(P1), and let X′

1 be a Shimura datum for G′
1. Let

ι1 : (G1,X1) → (GV1 ,HV1) be a Hodge embedding such that ι′1 satisfies Assumption 4.1.6,
let κp1 : P1 ⊗ Apf → G1 ⊗ Apf be an isomorphism and choose κ1,V as above.

4.2.2. Let (G2,X2) be a Shimura datum of Hodge type, let P2 be a G2-torsor over SpecQ
that is trivial over Apf . Let G′

2 = AutG2
(P2), and let X′

2 be a Shimura datum for G′
2. Let

ι2 : (G2,X2) → (GV2
,HV2

) be a Hodge embedding such that ι′2 satisfies Assumption 4.1.6,
let κp2 : P2 ⊗ Apf → G2 ⊗ Apf be an isomorphism and choose κ2,V as above.

4.2.3. Let a : (G1,X1) → (G2,X2) be a morphism of Shimura data. Choose an isomor-
phism λ : P1 ×G1 G2 → P2 of G2-torsors and let a′λ : (G′

1,X
′
1) → (G′

2,X
′
2) be the in-

duced morphism of Shimura data. Consider V3 = V1 ⊕ V2 equipped with the direct sum
symplectic form. The morphism (ι1, ι2 ◦ a) : (G1,X1) → (GV1

,HV1
) × (GV2

,HV2
) factors

through (GV1 ,HV1)×Gm (GV2 ,HV2) by [DvHKZ24, Lemma 7.1.1], and we can compose with
(GV1 ,HV1) ×Gm (GV2 ,HV2) → (GV3 ,HV3) to get a new Hodge embedding ι3 : (G1,X1) →
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(GV3 ,HV3) by [DvHKZ24, Lemma 7.1.1]. Recall that the morphisms a and a′λ induce
(unique) morphisms of Igusa stacks

a : Igs◦ (G1,X1)→ Igs◦ (G2,X2)

a′λ : Igs◦ (G′
1,X

′
1)→ Igs◦ (G′

2,X
′
2),

by [DvHKZ24, Theorem I] or [Kim25, Theorem C].

Proposition 4.2.4. For λ as above, there is a (necessarily unique) commutative diagram
of v-sheaves

IgsCorr(ι1,κp
1)
(G1,X1) Igs◦ (G1,X1)× Igs◦ (G′

1,X
′
1)

IgsCorr(ι3,κp
1)
(G1,X1) Igs◦ (G1,X1)× Igs◦ (G′

1,X
′
1)

IgsCorr(ι2,κp
2)
(G2,X2) Igs◦ (G2,X2)× Igs◦ (G′

2,X
′
2).

a (a,a′λ)

Moreover, this diagram fits into a three dimensional 2-commutative diagram with the diagram

(4.2.1)

BunG1
BunG1

×BunG′
1

BunG1
BunG1

×BunG′
1

BunG2
BunG2

×BunG′
2
.

id×βP1

id×βP1

a (a,a′λ)

id×βP2

If there are admissible Hodge data Ωi containing ιi and κpi for i = 1, 2, 3 (where κp3 = κp1), and
Conjecture 4.1.14 holds for IgsCorrΩ3,P1

(G1,X1), then it also holds for IgsCorrΩ1,P1
(G1,X1),

and the map IgsCorrΩ3,P1
(G1,X1)→ IgsCorrΩ1,P1

(G1,X1) is an isomorphism.

Proof. Write (GV1,V2 ,HV1,V2) := (GV1 ,HV1)×Gm (GV2 ,HV2) and consider the following com-
mutative diagram of Shimura data

(GV1
,HV1

)

(G1,X1) (GV1,V2 ,HV1,V2) (GV3 ,HV3)

(G2,X2)ι2 (GV2
,HV2

),

(ι1,ι2◦a)

ι1

a
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there is an analogous diagram for (G′
1,X

′
1) and (G′

2,X
′
2). From this, we immediately get

maps

IgsCorrPV1
,κp

V1
×(

BunG1
×BunGV1

BunG′
1

) (BunG1
×BunG′

1
BunG′

1

)

IgsCorrPV1,V2
,κp

V1,V2
×(

BunG1
×BunGV1,V2

BunG′
1

) (BunG1
×BunG′

1
BunG′

1

)

IgsCorrPV2 ,κ
p
V2
×(

BunG2
×BunGV2

BunG′
2

) (BunG2 ×BunG′
2
BunG′

2

)
and

(4.2.2)

IgsCorrPV1,V2
,κp

V1,V2
×(

BunG1
×BunGV1,V2

BunG′
1

) (BunG1
×BunG′

1
BunG′

1

)

IgsCorrPV3
,κp

V3
×(

BunG1
×BunGV3

BunG′
1

) (BunG1
×BunG′

1
BunG′

1

)
.

The first part of the proposition follows from the definitions if we can show that the bottom
map of (4.2.2) is an isomorphism. This follows from Lemma 2.2.6 together with the fact
that Igs◦(GV1,V2

,HV1,V2
)→ Igs◦(GV3

,HV3
) is a monomorphism.

To prove this fact, choose an idempotent endomorphism Θ of V3 such that Θ(V3) = V1.
Then Igs◦(GV3

,HV3
) is the v-sheafification of the presheaf of groupoids sending (R,R+) to

the groupoid whose objects are triples (A, λ, ηp) of polarized abelian schemes (A, λ) over
SpecR+/ϖ up to prime-to-p quasi-isogeny, together with an isomorphism ηp : V pA →
V3 ⊗ Apf of Apf -local systems compatible with the Weil pairing, and whose morphisms are
quasi-isogenies compatible with λ. The sheaf Igs◦(GV1,V2 ,HV1,V2) is the sheafification of the
presheaf of groupoids sending (R,R+) to the subgroupoid of triples (A, λ, ηp) such that the
idempotent ΘA of V pA induced by ηp comes (uniquely) from a self prime-to-p quasi-isogeny
of A.15

Next, we prove the final statement of the proposition. Since IgsCorrΩ3,P1 and IgsCorrΩ1,P1

are subsheaves of Igs◦ (G1,X1)×Igs◦ (G′
1,X

′
1), the results proved above show that IgsCorrΩ3,P1 ⊂

IgsCorrΩ1,P1
. By Lemma 4.1.13, we moreover have an inclusion IgsCorrΩ1,P1

⊂ Igs◦ (G1,X1)−µ′
1
×

Igs◦ (G′
1,X

′
1)−µ1

and the induced maps IgsCorrΩ1,P1 → Igs◦ (G1,X1)−µ′
1
, Igs◦ (G′

1,X
′
1)−µ1

are
monomorphisms. If Conjecture 4.1.14 holds for IgsCorrΩ3,P1

, then the induced maps

IgsCorrΩ3,P1
→ Igs◦ (G1,X1)−µ′

1
, Igs◦ (G′

1,X
′
1)−µ1

are isomorphisms. It is clear that the same then holds for the maps

IgsCorrΩ1,P1 → Igs◦ (G1,X1)−µ′
1
, Igs◦ (G′

1,X
′
1)−µ1

,

and that furthermore the inclusion IgsCorrΩ3,P1
⊂ IgsCorrΩ1,P1

is an isomorphism. □

15Indeed, this follows from [Zha23, Theorem 1.3, Definition 8.1] after taking the inverse limit over the
level subgroups away from p, see also [DvHKZ24, Lemma 5.2.13].
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4.3. Correspondences between perfect Igusa stacks. Let the notation be as in Section
4.1.5, in particular we have a fixed (G,X) and P and an admissible Hodge datum Ω for
(G,X,P). Further recall the notation from Section 3.3.

4.3.1. Suppose that we are given R ∈ Affperf and morphisms x : SpecR→ ShKp
(G,X), y :

SpecR→ ShKp (G,X). We note that there is a canonical isomorphism of GV ′ -isocrystals

βP (Lx,crys)×ι
′,G′

GV ′ = βPV

(
Lx,crys ×ι,G GV

)
.

Definition 4.3.2. We say that a quasi-isogeny f : Ax 99K Ay is Ω-structure preserving
away from p if the induced map on the prime-to-p adelic Tate modules

V p(f) : V p(Ax)→ V p(Ay)

fits into a commutative square

V p(Ax) V p(Ay)

V ⊗ Apf V ′ ⊗ Apf .

V p(f)

ηx ηy

νκp

We say that f is Ω-structure preserving at p if there exists a (necessarily unique) isomorphism
of G′-isocrystals φx,y : βP (Lcrys,x)

∼−→ Lcrys,y whose pushout along G′ → GLV ′ recovers the
isomorphism of GLV ′ -isocrystals

E (Ax)
E (f)−−−→ E (Ay),

using the identifications

E (Ax) = βPV

(
Lcrys,x ×ι,G GV

)
= βP (Lcrys,x)×ι

′,G′
GV ′

E (Ay) = Lcrys,y ×ι
′,G′

GV ′ .

We say that f is Ω-structure preserving if it is both Ω-structure preserving away from p and
Ω-structure preserving at p.

Remark 4.3.3. Given an isomorphism κp : P → G of G-torsors with induced isomorphism
κp : PV → GV and use it to identity βP and βPV

with the identity map, then f is Ω-structure
preserving at p precisely when it is G-structure preserving at p.

Definition 4.3.4. Define IgsCorrpre,perfΩ,P (G,X) to be the presheaf of groupoids on Affperf

sending R to the following groupoid: Its objects are triples (x, y, f) where (x, y) : SpecR→
ShKp (G,X)×ShK′

p
(G′,X′) and where f is an Ω-structure preserving quasi-isogeny Ax 99K Ay.

A morphism (gx, gy) : (x, y, f)→ (x′, y′, f ′) consists of a pair of quasi-isogenies gx : Ax 99K
Ax′ and gy : Ay 99K Ay′ such that the following diagram commutes

Ax Ay

Ax′ Ay′ ,

f

gx gy

f ′

and such that gx is G-structure preserving and gy is G′-structure preserving. We write
IgsCorrperfΩ,P (G,X) for the v-sheafification of IgsCorrpre,perfΩ,P (G,X).
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There are natural forgetful maps IgsCorrpre,perfΩ,P → Igspre,perf (G,X) and IgsCorrpre,perfΩ,P →
Igspre,perf(G′,X′). We moreover note that by the definition of IgsCorrpreΩ,P they lie in a 2-
commutative diagram

(4.3.1)

IgsCorrpre,perfΩ,P G−Isoc

Igspre,perf (G,X)× Igspre,perf(G′,X′) G−Isoc×G′−Isoc

(Id,βP)

We let IgsCorrperfΩ,P be the v-sheafification of IgsCorrpre,perfΩ,P , which comes equipped with maps
IgsCorrperfΩ,P → Igsperf (G,X)× Igsperf(G′,X′).

Lemma 4.3.5. The morphisms IgsCorrperfΩ,P → Igsperf (G,X) and IgsCorrperfΩ,P → Igsperf(G′,X′)

are monomorphisms with image contained in Igsperf (G,X)−µ′ and Igsperf(G′,X′)−µ respec-
tively.

Proof. The map of presheaves in groupoids IgsCorrpre,perfΩ,P → Igspre,perf (G,X) is a fully
faithful functor, because in the definition of morphisms it is clear that gx uniquely determines
gy. By symmetry the same is true for the map IgsCorrpre,perfΩ,P → Igspre,perf(G′,X′). The fact
that the image lies in Igsperf (G,X)−µ′ follows from the fact that Igspre,perf (G,X) maps to
G−Isoc≤−µ and that Igspre,perf(G′,X′) maps to G′−Isoc≤−µ′ , in combination with (4.3.1).

□

Conjecture 4.3.6. If X1(Q,G) = 0, then the morphisms IgsCorrperfΩ,P → Igsperf (G,X)−µ′

and IgsCorrperfΩ,P → Igsperf(G′,X′)−µ are isomorphisms.

Lemma 4.3.7. If (G,X) = (GV ,HV ) and ι is the identity, then Conjecture 4.3.6 holds.

Proof. The proof of Lemma 4.1.18 can be adapted immediately. □

Corollary 4.3.8. Suppose that (G,X) = (GV ,HV ) and that ι is the identity, then IgsCorrpreΩ,P

only depends on P, κp, and not on VZp
and VZp

′ .

Let us now write IgsCorrPV,κ
p
V

pre for IgsCorrpreΩ,P when (G,X) = (GV ,HV ) and ι is the
identity.

Proof. This follows from the proof of Lemma 4.1.18 by inspection. □

4.4. Reduction of correspondences. Let (G,X) and P be as above, choose ι, κp as before.
Define

IgsCorrperf,naiveP,ι,κp := IgsCorrperf
PV,κ

p
V
×Igsperf (GV ,HV )×Igsperf (GV ′ ,HV ′ )

(
Igsperf (G,X)× Igsperf(G′,X′)

)
IgsCorrperfP,ι,κp := IgsCorrperf,naiveP,ι,κp ×(G−Isoc×G

V ′−IsocG′−Isoc) (G−Isoc×G′−Isoc G
′−Isoc) .

Proposition 4.4.1. If Ω is an admissible Hodge datum containing ι and κp, then IgsCorrperfΩ,P

is isomorphic to IgsCorrperfP,ι,κp compatible with the structure maps to Igsperf (G,X)×Igsperf(G′,X′)

and to G−Isoc×G′−Isoc G
′−Isoc.
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Proof. The fiber product

IgsCorrpre,perf
PV,κ

p
V
×Igspre,perf

Ξ (GV ,HV )×Igspre,perf

Ξ′ (GV ′ ,HV ′ )

(
Igspre,perfΞ (G,X)× Igspre,perfΞ′ (G′,X′)

)
is the presheaf of groupoids on Affperf sending R to the groupoid of triples (x, y, f) as in
Definition 4.3.4, except that f is only required to be Ω-preserving away from p. The further
fiber product with

G−Isoc×G′−Isoc G
′−Isoc

over

G−Isoc×GV ′−Isoc G
′−Isoc

enforces the condition that f is Ω-structure preserving at p. Since stackification preserves
fiber products, we are done. □

4.4.2. We have the following immediate corollary:

Proposition 4.4.3. There is an equality IgsCorrperfP,ι,κp = (IgsCorrP,ι,κp)
red of subsheaves of

Igs◦ (G,X)red × Igs◦(G′,X′)red.

Proof. This is true in the Siegel case by Lemmas 4.1.18 and 4.3.7 because F 7→ F red com-
mutes with fiber products and thus reduces the diagonal to the diagonal. In general, it is
a direct consequence of Proposition 4.1.21, Proposition 4.4.1 and the fact that F 7→ F red

commutes with fiber products. □

4.4.4. Exotic Hecke correspondences. Let us now define actual exotic Hecke correspondences
between ShKp

(G,X) and ShK′
p
(G′,X′). We define ShCorrpreΩ,P → ShKp

(G,X) × ShK′
p
(G′,X′)

to be the pre-sheaf on Affperf sending (x, y) : SpecR → ShKp
(G,X) × ShK′

p
(G′,X′) to the

set of Ω-preserving quasi-isogenies f : Ax 99K Ay. It is clear from the definition that there is
a map ShCorrpreΩ,P → IgsCorrpre,perfΩ,P , which induces a commutative diagram of sheaves which
is Cartesian by inspection (sheafification preserves fiber products).

ShCorrΩ,P ShKp
(G,X)× ShK′

p
(G′,X′)

IgsCorrperfΩ,P Igsperf (G,X)× Igsperf(G′,X′).

4.4.5. By construction, there is a 2-commutative diagram

(4.4.1)

ShKp
(G,X) ShCorrΩ,P ShK′

p
(G′,X′)

ShtWG,µ ShtWG,µ,G′,µ′,P ShtWG′,µ′ .

Conjecture 4.4.6. If X1(Q,G) = 0, then both squares in (4.4.1) are Cartesian.

If G and G′ are reductive and P = P ⊗ Qp is trivial, this conjecture will be proved in
forthcoming work of Xiao–Zhu. For now, we will state this case separately.

Conjecture 4.4.7. If X1(Q,G) = 0 and G and G′ are reductive and P = P⊗Qp is trivial,
then both squares in (4.4.1) are Cartesian.
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Proposition 4.4.8. If (G,X) is of PEL type AC and X1(Q,G) = 0, then Conjecture 4.4.7
holds.

Proof. This is proved in [XZ17, Proposition 7.3.9]. The assumption that X1(Q,G) = 0
ensures that the PEL type moduli spaces are equal to Shimura varieties rather than a finite
disjoint union of Shimura varieties indexed by X1(Q,G). □

4.4.9. Now recall that there is a 2-Cartesian square

ShtWG,µ,G′,µ′,P ShtWG,µ

ShtWG,µ′ G−Isoc.

The maps ShtWG,µ → G−Isoc≤−µ and ShtWG′,µ′ → G′−Isoc≤−µ′ are v-surjective by [DvHKZ24,
Proposition 3.2.3]. In particular, it follows that ShtWG,µ,G′,µ′,P → ShtWG,µ and ShtWG,µ,G′,µ′,P →
ShtWG,µ′ surject onto a closed union of Newton strata.

Lemma 4.4.10. Conjecture 4.4.6 holds if and only if Conjecture 4.3.6 holds.

Proof. If Conjecture 4.4.6 holds then ShCorrΩ,P → ShKp (G,X)−µ′ and ShCorrΩ,P → ShK′
p
(G′,X′)−µ

are v-surjective by the discussion above. This proves that the maps IgsCorrperfΩ,P → Igsperf (G,X)−µ′

and IgsCorrperfΩ,P → Igsperf(G′,X′)−µ are v-surjective, and thus must be isomorphisms by
Lemma 4.3.5. Conversely if Conjecture 4.3.6 holds, then Conjecture 4.4.6 holds formally,
see Section 2.7.15. □

Corollary 4.4.11. If Conjecture 4.4.6 holds, then the natural maps

IgsCorrperfΩ,P → Igs◦ (G,X)redµ′ , Igs
◦(G′,X′)redµ

are isomorphisms of v-sheaves.

5. A study of the case in which PAf
is trivial

In this section we specialize to the case that PAf
is trivial and that G is an unramified

reductive group. In Section 5.1 We will deduce Conjectures 2.7.11 and 2.7.6 from Conjecture
2.7.16, a proof of which has been announced by Xiao–Zhu. In Section 5.2, we will verify
that our correspondences are stable under the action of (a variant of) Deligne’s A-group.

5.1. From Conjecture 4.3.6 to Conjecture 4.1.14. Let the notation be as in Section
4.3 above. Assume from now on that G is an unramified reductive group and that P is
trivial. Suppose that X1(Q,G) = 0. We will now show that Conjecture 4.1.14 follows from
Conjecture 4.3.6.

Theorem 5.1.1. Assume that G is an unramified reductive group, that P is trivial and that
X1(Q,G) = 0. If G and G′ are reductive and if Conjecture 4.4.6 holds, then the natural
maps

IgsCorrΩ,P → Igs◦ (G,X)−µ′ , IgsCorrΩ,P → Igs◦(G′,X′)−µ

are isomorphisms.
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Lemma 5.1.2. If G and G′ are reductive, then there exists a unique dashed arrow making
the following diagram commute

IgsCorrpreΩ,P (IgsCorrpre,perfΩ,P )⋄/◦,pre

Igs◦,preΞ (G,X)× Igs◦,preΞ′ (G′,X′) (Igspre,perfΞ (G,X))⋄/◦,pre × (Igspre,perfΞ′ (G′,X′))⋄/◦,pre.

The dashed arrow is moreover an isomorphism.

Proof. The uniqueness follows from the fact that the bottom arrow is an isomorphism by
Theorem 3.3.11, and that the vertical arrows are monomorphisms (Lemmas 4.1.13 and
4.3.5). The lemma comes down to proving that for (R,R+) ∈ Perfd with untilts R♯i for
i = 1, 2, morphisms x : Spf R♯1+ → ŜKp

(G,X), y : Spf R♯2+ → ŜK′
p
(G′,X′) and a formal

quasi-isogeny f : Ax 99K Ay, that f is Ω-structure preserving in the sense of Definition
4.1.9 if and only if the reduction f0 : Ax0

99K Ay0 is Ω-structure preserving in the sense of
Definition 4.3.2. But this follows from Lemma 3.3.8 and Proposition 3.3.19, using the fact
that G and G′ are reductive, and making use of Theorem 3.1.6. □

Proof of Theorem 5.1.1. We use Lemma 5.1.2 together with sheafification to get the com-
mutative diagram

IgsCorrΩ,P (IgsCorrpre,perfΩ,P )⋄/◦ (IgsCorrperfΩ,P )
⋄/◦

Igs◦ (G,X)× Igs◦(G′,X′) Igsperf (G,X)⋄/◦ × Igsperf(G′,X′)⋄/◦.

By Corollary 4.4.11, it suffices to show that the composition of the two horizontal arrows
is an isomorphism. The top left horizontal arrow is an isomorphism by Lemma 5.1.2.
The right horizontal arrow is a monomorphism because it is a morphism of subsheaves
of Igsperf (G,X)⋄/◦ × Igsperf(G′,X′)⋄/◦, and so it suffices to show that it is an epimorphism.
We can do this after passing to the fiber product over Igsperf (G,X)⋄/◦ × Igsperf(G′,X′)⋄/◦

with ShKp
(G,X)×ShK′

p
(G′,X′) (this is a v-cover by Proposition 2.4.6). Since fiber products

commute with applying ⋄/◦, we are considering the map S⋄/◦ → T ⋄/◦, where S → T is the
natural map

S := IgsCorrpre,perfΩ,P ×Igspre,perf
Ξ (G,X)×Igspre,perf

Ξ′ (G′,X′)

(
ShKp

(G,X)× ShK′
p
(G′,X′)

)
→

IgsCorrperfΩ,P ×Igsperf (G,X)×Igsperf (G′,X′)

(
ShKp (G,X)× ShK′

p
(G′,X′)

)
=: T.

Since sheafification commutes with fiber products, we see that T is the sheafification of S.
Thus to show that S → T is an isomorphism it suffices to show that S is already a v-sheaf.
This follows as in the proof of Theorem 3.3.21 from the ind-representability of the sheaf of
quasi-isogenies between two abelian schemes. □

5.2. Correspondences and Deligne group actions. In this section we describe the
(extended) Deligne groups of Xiao–Zhu, following forthcoming work of Xiao–Zhu [XZ]. We
then show that IgsCorrΩ,P is stable under the action of these Deligne groups in a suitable
way.
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Let G be an algebraic group over Q with center ZG. We let AExt(G) be the set of
isomorphism classes of pairs (ζ, γ) where ζ is a ZG-torsor over Q such that ζR is trivial, and
where

γ :
(
ζ ×ZG G

)
⊗ Af → G⊗ Af

is an isomorphism. There is an action of G(Af ) on AExt(G) given by postcomposition. The
Baer sum of ZG-torsors together with the product map on G⊗ Af defines a map

AExt(G)×AExt(G)→ AExt(G)

described in [XZ], which turnsAExt(G) into a group equipped with an action of G(Af ). There
is moreover a group homomorphism AExt(G)→X1(Q,G) sending (ζ, γ) to the isomorphism
class of ζ×ZG G, see [XZ, Lemma 6.1.14]. We define A(G) to be the kernel of this morphism.
It is fairly straightforward to see that this group can be identified with Deligne’s group (see
[XZ, Section 6.1.13]) (

G(Af )
ZG(Q)

⋊ Gad(Q)1
)
/
G(Q)

ZG(Q)
,

introduced in [Del71, 2.1.13.1]. Here Gad(R)1 is the image of G(R) → Gad(R), and we will
use the same superscript for other subgroups of Gad(R).

5.2.1. If G′ = AutG(P) for some G-torsor P, then there is a canonical morphism ZG → G′

identifying ZG
∼−→ Z ′

G. Choose an isomorphism κ : P ⊗ Af → G ⊗ Af , which induces an
isomorphism

ρκ : AExt(G)→ AExt(G′)

by sending (ξ, γ) 7→ (ξ ×ZG Z ′
G, χκ ◦ γ). In particular, if X1(Q,G) = 0, then it induces an

isomorphism A(G)→ A(G′).

5.2.2. Now let (G,X) be a Shimura datum of Hodge type, fix a prime p and C ∼−→ Qp. By the
functoriality of Igusa stacks, see [DvHKZ24, Theorem I], the group A(G) acts on Igs◦ (G,X).
We topologise A(G) following [DvHKZ26, Section 4.2.4]: We give G(Af )/ZG(Q) the quotient
topology, we give Gad(Q)1 the discrete topology, the product G(Af )/ZG(Q) × Gad(Q)1 the
product topology, and A(G) the quotient topology. We thus get an action of A(G) on
Igs◦ (G,X), which factors through

Ap(G) = A(G)/G(Qp).

5.2.3. We say that an admissible Hodge datum Ω is good if there is an isomorphism κp :

P → G such that the induced map G → G′ satisfies κp(G(Z̆p)) = G′(Z̆p). Now let Ω be
a good Hodge datum for (G,X,P) and fix κp as above, and write κ = κp × κp. Then κ

defines a G(Af )-equivariant continuous isomorphism A(G) ∼−→ A(G′) and therefore also an
isomorphism Ap(G) ∼−→ Ap(G′).

Proposition 5.2.4. Let Ω be a good Hodge datum for (G,X) and P and fix κp as above.
If X1(Q,G) = 0 and ZG is a torus with H1(Qp, ZG) = 0, then IgsCorrΩ,P ⊂ Igs◦ (G,X) ×
Igs◦(G′,X′) is stable under the diagonal action of Ap(G).

5.2.5. In the proof of Proposition 5.2.4, we will work with a variant A(GZ(p)
) instead of

Ap(G). If we are given a reductive model G of G over Zp, then this can be used to define a
model GZ(p)

of G over Z(p), see [DY25, Proposition 3.14]. To define a p-integral variant of
AExt(G) we will assume that ZG is an unramified torus.
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5.2.6. We let ZZ(p)
be the Zariski closure of ZG in GZ(p)

. This is a smooth group scheme over
Z(p) with connected special fiber, see [KZ25, Proposition 2.4.14]. There is then a p-integral
variant AExt(GZ(p)

) of AExt(G) given by the set of isomorphism classes of pairs (ζ, γp) where
ζ is a ZZ(p)

-torsor (in the étale topology) over Z(p) such that ζR is trivial, and where

γp :
(
ζ ×ZZ(p) GZ(p)

)
⊗ Apf → G⊗ Apf

is an isomorphism. Once again there is a short exact sequence

1→ A(GZ(p)
)→ AExt(GZ(p)

)→X1(Q,G)→ 1.

In the short exact sequence

1→ ZZ(p)
→ GZ(p)

→ GadZ(p)
→ 1,

the group GadZp
can be identified with a reductive model of Gad corresponding to G, see [KZ25,

Proposition 2.4.14]. Then as before we may identify

A(GZ(p)
) =

(
G(Apf )⋊ G

ad
Z(p)

(Z(p))
1
)
/GZ(p)

(Z(p)).

We topologiseA(GZ(p)
) similarly to how we topologisedA(G): We give G(Apf )/ZZ(p)

(Z(p)) the
quotient topology, we give GadZ(p)

(Z(p))
1 the discrete topology, we give G(Apf )/ZZ(p)

(Z(p)) ×
GadZ(p)

(Z(p))
1 the product topology and A(GZ(p)

) the quotient topology. Consider the natural
map A(GZ(p)

)→ A(G)→ Ap(G) of v-sheaves of groups.

Lemma 5.2.7. If ZG is a torus such that H1(Qp, ZG) = 0, then the natural map A(GZ(p)
)→

Ap(G) is a surjective quotient map.

Proof. There is a commutative diagram of short exact sequences (we have not underlined
the cokernels because they have the discrete topology).

1
G(Ap

f )

ZG,Z(p) (Z(p))
A(GZ(p)

)
Gad
Z(p)

(Z(p))
1

GZ(p) (Z(p))/ZG,Z(p) (Z(p))
1

1 G(Apf )/ZG(Q) Ap(G) Gad(Q)1

G(Q)/ZG(Q) 1.

To show that the third vertical arrow is surjective, we consider the following commutative
diagram of short exact sequences

GZ(p)
(Z(p))/ZG,Z(p)

(Z(p)) GadZ(p)
(Z(p))

1 H1(Z(p),ZZ(p)
) H1(Z(p),GZ(p)

) · · ·

G(Q)/ZG(Q) Gad(Q) H1(Q, ZG) H1(Q,G) · · ·

We see that it suffices to prove that the natural map

Ker
(
H1(Z(p),ZZ(p)

)→ H1(Z(p),GZ(p)
)
)
→ Ker

(
H1(Q, ZG)→ H1(Q,G)

)
is surjective. This comes down to asking that any ZG-torsor Q over SpecQ whose induced
G-torsor is trivial, admits a reduction to a ZZ(p)

-torsor whose induced GZ(p)
-torsor is trivial.

Since any ZG-torsor over SpecQ becomes trivial over Qp by assumption, we can build such
a ZZ(p)

-torsor by gluing Q to the trivial ZZp
-torsor along the trivial ZG,Qp

-torsor using fpqc
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descent along the cover SpecQ
∐

SpecZp → SpecZ(p) as in the proof of [DY25, Proposition
3.14]. □

Lemma 5.2.8. If P is trivial, then there is a GZ(p)
-torsor PZ(p),κp

such that PZ(p)
×SpecQ ≃

P.

Proof. Our fixed isomorphism κp : P⊗Qp → G provides us with a G-torsor PZp
⊂ P⊗Qp,

namely (κp)
−1G. The torsor PZ(p)

can now be constructed using fpqc descent along the
cover SpecQ

∐
SpecZp → SpecZ(p) as in the proof of [DY25, Proposition 3.14]. □

5.2.9. Write PZ(p),κp as in the conclusion of Lemma 5.2.8. From now on, we will work
under the assumption that G′ = AutG(PZ(p),κp

). This gives us a natural map

ZZ(p)
→ G′Z(p)

identifying its image with the center of G′Z(p)
. If X1(Q,G) = 0, this combines with κ to give

a canonical isomorphism

ρκ : A(GZ(p)
)→ A(G′Z(p)

).

Lemma 5.2.10. Assume that G′ = AutG(PZ(p),κp
). If X1(Q,G) = 0 and ZG is a torus

such that H1(Qp, ZG) = 0, then the subsheaf IgsCorrΩ,P ⊂ Igs◦ (G,X)× Igs◦(G′,X′) is stable
under the action of Ap(G).

Proof. Using the surjectivity of A(GZ(p)
) → Ap(G), see Lemma 5.2.7, it suffices to show

that the subsheaf is A(GZ(p)
)-stable. It is clearly G(Apf )-stable, and thus it suffices to prove

stability under the action of the abstract group A(GZ(p)
). Recall from [DY25, Lemma 4.5.7]

that A(GZ(p)
) acts on SKp

(G,X) and that A(G′Z(p)
) acts on SK′

p
(G′,X′). The action of

A(GZ(p)
) on SKp

(G,X) has the following moduli-theoretic description. Take x : SpecR →
SKp(G,X) giving rise to (Ax, λx, ηx) and (ξ, γp) ∈ A(GZ(p)

). Then by [KP18, Lemma 4.5.2]
there is a natural map ZZ(p)

→ End(Ax) of group schemes over Z(p). We may then form the
abelian scheme up to prime-to-p isogeny Aξ of [KP18, Lemma 4.5.2], which comes equipped
with a weak polarization λξx, see [KP18, Lemma 4.4.8], and a prime-to-p level structure ηγx ,
see [KP18, Lemma 4.5.4]. These constructions describe a map

A(GZ(p)
)×SKp(G,X)→ SMp(GV ,HV ),

which factors uniquely through SKp
(G,X) → SMp

(GV ,HV ) by [KP18, Lemma 4.5.7]. In
other words, there is a canonical isomorphism (Aξx, λ

ξ
x, η

γ
x) = (A(ξ,γ)x, λ(ξ,γ)x, η(ξ,γ)x). The

same process describes the action of A(GZ(p)
) = A(G′Z(p)

) on SK′
p
(G′,X′).

Now given (x, y, f) ∈ IgsCorrpreΩ,P(R,R
+), the functoriality of the twisting construction in

[KP18, Section 4.5] gives a formal quasi-isogeny

fξ : Aξx 99K Aξy

compatible with ηγx and ηγy . To show that ((ξ, γ)x, (ξ, γ)y, fξ) is a point of IgsCorrpreΩ,P(R,R
+),

it suffices to show that fξ is G-structure preserving (or equivalently Ω-structure preserving).
For this, we need the following claim

Claim 5.2.11. There is a canonical isomorphism

L(ξ,γ)x,crys
∼−→ Lξx,crys

where Lξx,crys is the twist of the G-bundle Lx,crys over XSpd(R,R+) by the ZG-torsor ξ⊗Z(p)
Qp.
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Proof. The statement encodes a 2-categorical functoriality under the action of A(GZ(p)
) of

the map

SKp(G,X)
⋄ → ShtG,µ → BunG

and in fact it is enough to consider the action of GadZ(p)
(Zp)1. The 2-categorical functoriality

under the action of GadZ(p)
(Zp)1 of the first map is [vHS23, Corollary 4.2], and for the second

map is [vHS23, Lemma 2.6.1]. □

We will now deduce from the claim that fξ is G-structure preserving at p. Choosing a
trivialization of the ZG-torsor ξ ⊗Z(p)

Qp, we see using the claim that the condition that
fξ is G-structure preserving is equivalent to the claim that f is G-structure preserving. A
similar argument shows that fξ is G-structure preserving away from p. □

Proof of Proposition 5.2.4. The proposition is a direct consequence of Lemma 5.2.10 and
Lemma 5.2.7 if we choose Ω such that G′ = AutG(PZ(p),κp

), which is possible by Lemma
5.2.8 and the assumption that Ω is good. □

6. Correspondences in some abelian type cases

The goal of this section is to prove Conjecture 2.7.6 for some Shimura varieties of abelian
type under the assumption that the conjecture holds for some auxiliary Hodge type Shimura
variety with good properties, see Theorem 6.3.2. Such auxiliary Hodge type Shimura vari-
eties will be shown to exist in Section 7.

6.1. Correspondences in some abelian type cases. To push forward exotic Hecke cor-
respondence from Shimura varieties of Hodge type to Shimura varieties of abelian type,
we have to use our understanding of the A(G)-action on these correspondences proved in
Proposition 5.2.4.

6.1.1. We first establish some definitions to simplify the notation.

Definition 6.1.2. A correspondence datum is a quadruple Θ2 = (G2,X2,P2,X
′
2) where

(G2,X2) is a Shimura datum of abelian type such that X1(Q,G2) = 0 and such that G2 =
G2⊗Qp splits over an unramified extension, where P2 is a G2-torsor trivial over Apf , and where
X′
2 is a Shimura datum for G′

2 = AutG2
(P2) such that Assumption 2.7.2 holds. A morphism

Θ2 = (G2,X2,P2,X
′
2)→ (G3,X3,P3,X

′
3) = Θ3 is a pair (f, λ) where f : (G2,X2)→ (G3,X3)

is a morphism of Shimura data, and where λ is an isomorphism P2 ×G2 G3
∼−→ P3.

Definition 6.1.3. A Hodge–type lifting of a correspondence datum Θ2 = (G2,X2,P2,X
′
2) is

a tuple Σ = (G,X, σ,P, ω,X′), where (G,X) is a Shimura datum of Hodge type such that G
splits over an unramified extension, where σ : (G,X) → (G2,X2) is a morphism of Shimura
data that is an ad-isomorphism, where P is a G-torsor that is trivial over Apf , and where
ω : P ×G G2 → P2 is an isomorphism of G2-torsors, and where X′ is a Shimura datum for
G′ = AutG(P) such that the induced map σ : G′ → G′

2 underlies a morphism of Shimura
data (G′,X′)→ (G′

2,X
′
2).

Given a morphism (f, λ) : Θ2 = (G2,X2,P2,X
′
2) → (G3,X3,P3,X

′
3) = Θ3 of correspon-

dence data and Hodge–type liftings Σ = (G,X, σ,P, ω,X′) of (G2,X2,P2,X
′
2) and Σ1 =

(G1,X1, σ1,P1, ω1,X
′
1) of (G3,X3,P3,X

′
3), a morphism Σ → Σ1 over (f, λ) is a pair (g, λ1),
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where g : (G,X) → (G1,X1) is a morphism of Shimura data fitting into a commutative
diagram

(G,X) (G1,X1)

(G2,X2) (G3,X3),

σ

g

σ1

f

such that (G,X) → (G1,X1) maps ZG to Z(G1), and where λ1 : P ×G G1 → P1 is an
isomorphism such that the following diagram commutes

P P1

P2 P3,

λ1

ω ω1

λ

and such that g′ : G′ → G′
1 underlies a morphism of Shimura data (G′,X′)→ (G′

1,X
′
1).

Definition 6.1.4. Let (G2,X2,P2,X
′
2) be a correspondence datum such that G2 is quasi-

split and such that P2 is trivial over Qp. A Hodge type lifting Σ = (G,X, σ,P, ω,X′) of
(G2,X2,P2,X

′
2) is called excellent if the following conditions hold:

(1) The group X1(Q,G) is trivial.
(2) The torsor P is trivial over Qp.
(3) The center ZG is connected, and H1(Qp,ZG) = 0.
(4) The set B(G,−µ) ∩B(G,−µ′) is nonempty.
(5) There exists a Hodge embedding ι : (G,X) → (GV ,HV ) such that ι′ : G′ → GV ′

satisfies Assumption 4.1.6.

6.1.5. Let (G2,X2,P2,X
′
2) be a correspondence datum such that G2 is quasi-split and such

that P2 is trivial over Qp, let (G′
2,X

′
2) be as before. Choose an isomorphism C ∼−→ Qp.16 Let

Σ be an excellent Hodge type lifting of Θ2, and choose a good Hodge datum Ω for (G,X)
and P.17

6.1.6. Recall the correspondence IgsCorrΩ,P ⊂ Igs◦ (G,X) × Igs◦(G′,X′) from Definition
4.1.12. It follows from Proposition 5.2.4, whose assumptions hold because Σ is an excellent
Hodge type lifting and Ω is good, that IgsCorrΩ,P ⊂ Igs◦ (G,X)× Igs◦(G′,X′) is stable under
the diagonal action of A(G) (under the natural identification of A(G) with A(G′) induced
by κ, see Section 5.2.1). We have the following lemma.

Lemma 6.1.7. The natural map Igs◦ (G,X)×Ap(G2)→ Igs◦ (G2,X2) is a torsor for Ap(G)
under the diagonal action.

Proof. This is explained in [DvHKZ26, Remark 4.3.11]. It is assumed there that (G,X) and
(G2,X2) have the same local reflex fields, but the arguments work in general. □

Note that this action factors through Ap(G), and so it makes sense to define

IgsCorrΘ2,Σ := IgsCorrΩ,P×Ap(G)Ap(G2),

which comes equipped with a natural map to Igs◦ (G2,X2)× Igs◦ (G′
2,X

′
2).

16Throughout this section we will implicitly use this isomorphism to define places above p of reflex fields
of Shimura data, and hence Igusa stacks.

17This is always possible, because if we choose ι : (G,X) → (GV ,HV ) such that ι′ : G′ → GV ′ satisfies
Assumption 4.1.6, then we can simply take G′ corresponding to G under a choice of κp.
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Lemma 6.1.8. In the diagram

Igs◦ (G,X)× Igs◦(G′,X′) BunG×BunG′

IgsCorrΩ,P BunG×BunG′ BunG

Igs◦ (G2,X2)× Igs◦ (G′
2,X

′
2) BunG2

×BunG′
2

IgsCorrΘ2,Σ BunG2
×BunG′

2
BunG′

2
,

the dashed arrow exists making the diagram commute.

Proof. There is a natural map A(G)→ Gad(Qp) such that πHT is equivariant for the induced
A(G) action on the flag variety, see [DvHKZ26, Section 4.3.6]. It follows from the G(Qp)-
equivariance of the Beauville–Laszlo map that Igs◦ (G,X)→ BunG is Ap(G)-equivariant via
a natural map Ap(G) → Gad(Qp)

Im(G(Qp)→G(Qp)
. Since H1(Qp, ZG) is assumed to be trivial, the

natural map G(Qp) → Gad(Qp) is surjective, and in fact A(G′) acts trivially on BunG in
the 2-categorical sense.

It follows from Claim 5.2.11 that IgsCorrΩ,P → BunG×BunG′ BunG is Ap(G)-equivariant
for the trivial action of Ap(G) on the target, and so the same is true for the composition
with BunG×BunG′ BunG → BunG2

×BunG′
2
BunG′

2
. The lemma follows immediately from

this. □

It follows from Lemma 6.1.8 that the natural maps IgsCorrΘ2,Σ → Igs◦ (G2,X2), Igs
◦ (G′

2,X
′
2)

factor through Igs◦ (G2,X2)−µ′
2
, Igs◦ (G′

2,X
′
2)−µ2

respectively.

Corollary 6.1.9. Let Θ2 = (G2,X2,P2,X
′
2) be as above. Let Σ = (G,X, σ,P, ω,X′) be an

excellent Hodge type lifting of Θ2 together with a good Hodge datum Ω for (G,X) and P
such that G is reductive and chosen to match G′ under κp. If Conjecture 4.4.7 holds for
(G,X),Ω, then the natural maps IgsCorrΘ2,Σ (G2,X2) → Igs◦ (G2,X2)−µ′

2
, Igs◦ (G′

2,X
′
2)−µ2

are isomorphisms.

Proof of Corollary 6.1.9. By Theorem 5.1.1, the result holds for IgsCorrΩ,P under our as-
sumptions. To show that the result holds for IgsCorrΘ2,Σ (G2,X2), we need to show that the
natural maps

Igs◦ (G,X)−µ′ ×Ap(G2)→ Igs◦ (G2,X2)−µ′
2

Igs◦(G′,X′)−µ ×Ap(G2)→ Igs◦ (G′
2,X

′
2)−µ2

are torsors for Ap(G). This follows from Lemma 6.1.7 and Lemma 2.3.11. □

Lemma 6.1.10. Let Θ2 be as above and let Σ4 → Σ be a morphism of excellent Hodge
type liftings of Θ2. There is an inclusion IgsCorrΘ2,Σ4

(G4,X4) ⊂ IgsCorrΘ2,Σ (G2,X2) of
subsheaves of Igs◦ (G2,X2)× Igs◦ (G′

2,X
′
2).

Proof. This is a direct consequence of Proposition 4.2.4. □
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6.1.11. Functoriality of abelian type correspondences. Let Θ2 and Θ3 as in Section 6.1. Sup-
pose that we are given a morphism (f, λ) : Θ2 → Θ3. We would like to prove a version of
Proposition 4.2.4 for the correspondences defined in Section 6.1. We let Σ be an excellent
Hodge type lifting of Θ2 and Σ1 be an excellent Hodge type lifting of Θ3.

Lemma 6.1.12. If there is a morphism (g, λ1) : Σ → Σ1 over (f, λ), then there exists a
(necessarily unique) commutative diagram of v-sheaves

IgsCorrΘ2,Σ Igs◦ (G2,X2)× Igs◦ (G′
2,X

′
2)

IgsCorrΘ3,Σ1
Igs◦ (G3,X3)× Igs◦ (G′

3,X
′
3)

fλ f×fλ

Moreover, this diagram fits into a three-dimensional 2-commutative diagram with the dia-
gram (4.2.1).

Proof. Our commutative diagram of Shimura data induces a commutative diagram of Deligne
groups since it maps centers to centers. By Proposition 4.2.4, there are induced morphisms
of correspondence spaces for (G,X) → (G1,X1) which are all A(G) → A(G1)-equivariant
by Proposition 5.2.4 (the maps of Igusa stacks are A(G)→ A(G1)-equivariant by the func-
toriality of Igusa stacks [Kim25, Theorem B], and the correspondences are stable under
this action; the induced map is thus also equivariant). The lemma now follows from the
definition of the correspondences for (G2,X2) and (G3,X3). □

6.2. Fixed points of some abelian type Igusa stacks. In this section we show an
analogue of [vHS23, Theorem 6.2.1] for Igusa stacks of abelian type. We fix a Shimura
datum (G2,X2) of abelian type and for a totally real field F, we let H2 = ResF/Q G2,F and
let (H2,Y2) be as in [vHS23, First paragraph of Section 3]. If F is Galois over Q with
Galois group Γ, then Γ acts on (H2,Y2) by morphisms of Shimura data, and thus acts on
Igs◦ (H2,Y2) by [Kim25, Theorem B].

Theorem 6.2.1. If the center ZG2
has R-split rank zero and X1(Q,G2) →X1(Q,H2) is

injective, then the natural map

Igs◦ (G2,X2)→ Igs◦ (H2,Y2)
hΓ ×BunhΓ

H2

BunG2,−µ2

is an isomorphism, where the superscript hΓ denotes taking homotopy fixed points as in
[vHS23, Definition A.1.8].

Proof. We largely follow the proof of [vHS23, Theorem 6.2.1]. It suffices to show that the
natural map is an isomorphism after basechanging via the v-cover

GrG2,−µ2 → BunG2,−µ2 .

By the fiber product diagram and [vHS23, Lemma A.1.11], we may identify this with the
map

Sh(G2,X2)
◦,♢ →

(
Sh(H2,Y2)

◦,♢
)Γ
×GrΓH2,−µ2

GrG2,−µ2 .(6.2.1)

Since GrG2,−µ2 → GrΓH2,−µ2
is an isomorphism by [vHS23, Proposition 2.4.7], this is just

the natural map Sh(G2,X2)
◦,♢ →

(
Sh(H2,Y2)

◦,♢
)Γ

. The natural map Sh(G2,X2) →

Sh(H2,Y2)
Γ is a closed immersion of reduced Jacobson C-schemes (see the proof of [vHS23,

Lemma 3.6.7]), which is a bijection on C-points by [vHS23, Corollary 3.5.2] and thus an
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isomorphism by the proof of [vHS23, Lemma 3.6.7]. This implies that the natural map

Sh(G2,X2)
♢ →

(
Sh(H2,Y2)

♢
)Γ

is an isomorphism, and using [vHS23, Lemma 6.2.3], we
moreover deduce that

Sh(G2,X2)
◦,♢ →

(
Sh(H2,Y2)

◦,♢
)Γ

is an isomorphism. In particular, it follows that the map in (6.2.1) is an isomorphism. By
v-descent, this implies that the natural map of the theorem is an isomorphism. □

6.3. Correspondences in some abelian type cases II. Let Θ2 = (G2,X2,P2,X
′
2) be a

correspondence datum. Given a totally real field F, there is a new correspondence datum
Θ2,F = (H2,Y2,P2,F,Y

′
2), where H2 = ResF/Q G2,F and P2,F is the pushout of P2 along

G2 → H2, and where Y2,Y
′
2 are the induced Shimura datum along G2 → H2 and G′

2 → H′
2.

To be precise, it is not automatic that X1(Q,H2) = 0, so we will work under this assumption.

6.3.1. If Σ is a Hodge type lifting of Θ2, then there is a Hodge type lifting ΣF of Θ2,F

given by ΣF = (H1,Y1, σF,PF, ωF,Y
′
1), where H1 ⊂ ResF/Q Gf and (H1,Y1) are as in Section

A.1.11, where

σF = ResF/Q σF
∣∣
H1

PF = P×G H1

and ωF is the induced isomorphism.

Theorem 6.3.2. Let Θ2 = (G2,X2,P2,X
′
2) be a correspondence datum such ZG2

has R-split
rank zero. If there is a Hodge type lifting Σ of Θ2 and a Galois totally real field F in which
p is unramified such that ΣF is excellent, and such that Conjecture 4.1.14 holds for ΣF and
a good Hodge datum Ω for ΣF, then there is an G(Apf )-equivariant isomorphism

Igs◦ (G2,X2)−µ′
2
→ Igs◦ (G′

2,X
′
2)−µ2

over BunG′
2
.

Proof. If ZG2
has R-split rank zero, then by Corollary 6.1.9, the natural maps IgsCorrΘ2,F,ΣF

→
Igs◦ (H2,Y2)−µ′

2,H
, Igs◦ (H′

2,Y
′
2)−µ2,H

are isomorphisms. Recall that Γ denotes Gal(F/Q).

Claim 6.3.3. The subsheaf

IgsCorrΘ2,F,ΣF
⊂ (H2,Y2)−µ′

2,H
× (H′

2,Y
′
2)−µ2,H

is Γ-stable.

Proof. This is a direct consequence of Lemma 6.1.12, because there is an action of Γ on the
tuple ΣF = (H1,Y1, σF,PF, ωF,Y

′) since it is induced from the tuple Σ. □

It follows from Claim 6.3.3 that the natural maps above are Γ-equivariant. It now follows
from Theorem 6.2.1 that after taking Γ-homotopy fixed points and basechanging there is an
induced isomorphism

Igs◦ (G2,X2)−µ′ → Igs◦ (G′
2,X

′
2)−µ.

□
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6.3.4. Finally, we prove a Hodge type variant of Theorem 6.3.2. Let Θ2 = (G2,X2,P2,X
′
2)

be a correspondence datum with (G2,X2) of Hodge type, and choose the trivial Hodge-type
lifting Σ = (G2,X2, Id,P2, Id,X

′
2).

Theorem 6.3.5. If there is a Galois totally real field F in which p is unramified such that
ΣF is excellent, and such that Conjecture 4.1.14 holds for ΣF and a good Hodge datum Ω
for ΣF, then there is an G(Apf )-equivariant isomorphism

Igs◦ (G2,X2)−µ′
2
→ Igs◦ (G′

2,X
′
2)−µ2

over BunG′
2
.

Proof. The proof of Theorem 6.3.2 can be adapted with Theorem 6.2.1 replaced by [vHS23,
Theorem 6.2.1]. □

Remark 6.3.6. In Section 7, we will show that there are many examples in which the
hypotheses of Theorems 6.3.2 and 6.3.5 are satisfied. For example, let (G2,X2) be as in
Section A.2 or A.3 and not of type D. Note that X1(F,G2) = 0 for any number field F,
and that the center of G2 is finite, and thus of R-split rank zero. Let Θ2 = (G2,X2,P2,X

′
2)

be a correspondence datum. It follows from Corollary 7.1.12 that we can find a Hodge type
lifting Σ and a Galois totally real field F satisfying the assumptions of Theorem 6.3.2, except
perhaps the validity of Conjecture 4.1.14 for a choice of good Hodge datum Ω for ΣF. If we
choose a good Hodge datum Ω for ΣF with reductive parahorics (which is always possible),
then Conjecture 4.1.14 follows from Conjecture 4.4.7, whose proof has been announced by
Xiao–Zhu.

6.4. On Igusa varieties for some abelian type Shimura varieties. The goal of this
section is to analyze Igusa varieties for Shimura varieties of abelian type. Given b ∈ G2(Q̆p),
we define the v-sheaf Igusa variety as

Ig◦b,v (G2,X2) Igs◦ (G2,X2)

SpdFp BunG2
,

x

b

and the Igusa variety over SpecFp by

Igb (G2,X2) Igs◦ (G2,X2)
red

SpecFp G2−Isoc.

x

b

Note that Igb (G2,X2) is the reduction of Ig◦b,v (G2,X2), that G̃b acts on Ig◦b,v (G2,X2) and
that Gb(Qp) acts on Igb (G2,X2) in a compatible way. The main result of this section is the
following theorem. Let Kp

2 ⊂ G2(Apf ) be a neat compact open subgroup.

Theorem 6.4.1. Suppose that (G,X) satisfies Milne’s axiom SV5. The sheaf Igb (G2,X2)
is representable by a perfect scheme over Fp and for all sufficiently small compact open
subgroups J2 ⊂ G2,b(Qp), the quotient

Igb (G2,X2)/K
p
2 × J2
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is representable by a perfectly of finite type perfect scheme of pure dimension ⟨2ρ, νb⟩. More-
over, the natural map

Igb (G2,X2)
⋄ → Ig◦b,v (G2,X2)

is an open immersion which induces a bijection on canonical compactifications.

6.4.2. Let (G,X)→ (G2,X2) be an ad-isomorphism of Shimura data of abelian type. Fix a
place v of the reflex field E of (G,X) inducing a place v2 of E2 ⊂ E, let E and E2 be their
completions. Let C be the completion of an algebraic closure of E and let x ∈ GrG,−µ(C).
Consider the fiber product

Ig◦x (G,X) SpdC

Sh(G,X)◦,♢ GrG,−µ

x

πHT

and define Ig◦x (G2,X2) similarly. Our first goal is to understand the map Ig◦x (G,X) →
Ig◦x (G2,X2).

6.4.3. Let K = KpKp ⊂ G(Af ) and K2 = Kp
2K2,p ⊂ G2(Af ) be neat compact open

subgroups with K mapping to K2. We now assume that G → G2 is surjective and that
(G,X) and (G2,X2) satisfy SV5. We consider the stabilizers Kp,x ⊂ Kp and Kp,2,x ⊂ Kp,2.

Lemma 6.4.4. The natural

Ig◦x (G,X)/K
p ×Kp,x → Ig◦x (G2,X2)/K

p
2 ×Kp,2,x

is finite étale.

Proof. Since G → G2 is surjective, it follows that G(Qp) → G2(Qp) is open. Therefore,
after replacing Kp,2 with a finite index subgroup, we may assume that Kp surjects onto
Kp,2. It follows from the Igusa stack diagram that we have a 2-Cartesian diagram

Ig◦x (G,X)/K
p SpdC

ShK(G,X)◦,♢[x]

[
SpdC/Kp,x

]
,

where ShK(G,X)◦,♢[x] is the inverse image in ShK(G,X)◦,♢C of[
O(x)/Kp

]
⊂
[
GrG,−µ /Kp

]
,

with O(x) the image of the orbit map through x of Kp. There is a similar diagram for
Ig◦x (G,X)/K

p
2 and the natural map ShK(G,X)◦,♢[x] → ShK2(G2,X2)

◦,♢
[x] is finite étale because

ShK(G,X)◦,♢ → ShK2
(G2,X2)

◦,♢ is finite étale; this proves the lemma. □

6.4.5. Let Z be the kernel of G→ G2.

Corollary 6.4.6. For U ⊂ Z(Qp) a compact open subgroup, the natural map

Ig◦x (G,X)/K
p × U → Ig◦x (G2,X2)/K

p
2

is finite étale.
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Proof. After replacing U by Kp,x ∩ Z(Qp) and replacing Kp,2,x by the image of Kp,2, both
of which induce finite étale maps, it follows from Lemma 6.4.4 and the Cartesian diagram

Ig◦x (G,X)/K
p × U Ig◦x (G2,X2)/K

p
2

Ig◦x (G,X)/K
p ×Kp,x Ig◦x (G2,X2)/K

p
2 ×Kp,2,x.

□

Proposition 6.4.7. For J ⊂ Gb(Qp) compact open mapping to J2 ⊂ G2,b(Qp) compact
open, the natural map

Ig◦x (G,X)/K
p × J → Ig◦x (G2,X2)/K

p
2 × J2

is finite étale.

Proof. After replacing J2 by the image of J and setting U = J2 ∩ Z(Qp), it follows from
Corollary 6.4.6 and the Cartesian diagram

Ig◦x (G,X)/K
p × U Ig◦x (G2,X2)/K

p
2

Ig◦x (G,X)/K
p × J Ig◦x (G2,X2)/K

p
2 × J2.

□

6.4.8. The v-sheaf Ig◦x (G,X) is a locally spatial diamond, and so it has a locally profinite
set of connected components π0(Ig◦x (G,X)), see [Sch17, Proposition 11.19.(i)].

Lemma 6.4.9. Suppose that G2(Apf ) acts transitively on π0(ShKp,2(G2,X2)) for all Kp,2.
Then Ig◦x (G2,X2)/K

p
2 ×Kp,2,x is a finite union of G2(Apf )-translates of the (open and closed)

image of Ig◦x (G,X)/Kp ×Kp,x. Moreover, if the locally profinite set π0(Ig◦x (G,X)/Kp ×Kp,x)

is quasi-compact, then π0(Ig
◦
x (G2,X2)/K

p
2 ×Kp,2,x) is quasi-compact.

Proof. Note that ShK2
(G2,X2) is a finite union of G2(Apf ) translates of the image of ShK(G,X)→

ShK2
(G2,X2), the image being an open and closed union of connected components. Using

[DvHKZ26, Lemma 4.1.3], the same result holds for ShK2(G2,X2)
◦,♢. This immediately

implies that Ig◦x (G2,X2)/K
p
2 ×Kp,2,x is a finite union of G2(Apf )-translates of the image

of Ig◦x (G,X)/K
p ×Kp,x. These all have quasicompact π0 since they are finite étale quo-

tients of things with quasicompact π0. Thus we deduce that Ig◦x (G2,X2)/K
p
2 ×Kp,2,x has

quasicompact π0. □

Lemma 6.4.10. Suppose that G2(Apf ) acts transitively on π0(ShKp,2
(G2,X2)) for all Kp,2.

If the v-sheaf Ig◦x (G,X)/K
p × J has finitely many connected components, then so does

Ig◦x (G2,X2)/K
p
2 × J2.

Proof. Since Ig◦x (G,X)/K
p × J has finitely many connected components, it follows that

π0(Ig
◦
x (G,X)) is quasi-compact, and thus that π0(Ig◦x (G,X)/Kp ×Kp,x) is quasi-compact.

It follows from Lemma 6.4.9 that π0(Ig◦x (G2,X2)/K
p
2 ×Kp,2,x) is quasi-compact and thus

that π0(Ig◦x (G2,X2)) is quasi-compact.
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Since the natural map Ig◦x (G,X)/K
p × J → Ig◦x (G2,X2)/K

p
2 × J2 is finite étale by Propo-

sition 6.4.7, we see that the image of

π0(Ig
◦
x (G,X)/K

p
2 × J)→ π0(Ig

◦
x (G2,X2)/K

p
2 × J2)

is open and closed and finite. By Lemma 6.4.9, the rest of π0(Ig◦x (G2,X2)/K
p
2 × J2) is cov-

ered by the G2(Apf )-translates of this image. Since π0(Ig◦x (G,X)/Kp × J) is quasi-compact,
we only need finitely many translates, and thus π0(Ig◦x (G2,X2)/K

p
2 × J2) is finite. □

6.4.11. Our choice of b defines a v-sheaf Igusa variety over SpdFp by

Ig◦b,v (G,X) Igs◦ (G,X)

SpdFp BunG,

x

b

and an Igusa variety over SpecFp by

Ig◦b (G,X) Igs◦ (G,X)red

SpecFp G−Isoc.

x

b

Since Igs◦ (G,X)→ BunG is 0-truncated, and the second 2-Cartesian diagram is the reduc-
tion of the first, we find that Ig◦b,v (G,X) and Ig◦b (G,X) are both sheaves. There is moreover
a G̃b × G(Apf )-equivariant isomorphism Ig◦b,v (G,X)×Spd Fp

SpdC
∼−→ Ig◦x (G,X).

Lemma 6.4.12. If X → Y is a finite étale surjective morphism of v-sheaves on Perfd, then
Xred → Y red is a finite étale surjective morphism of v-sheaves on Affperf.

Proof. By [BS17, Theorem 1.5] and fpqc descent for finite étale morphisms, it suffices to
show that for all w-contractible A ∈ Affperf and all maps f : SpecA → Y red, the natural
map SpecA ×Y red Xred → SpecA is finite étale surjective. The fiber product SpdA ×Y X
is finite étale over SpdA and thus of the form SpdB → SpdA for a finite étale A-algebra
B by [Kim26, Theorem 1.4]. Since reduction commutes with fiber products, we see that
SpecA ×Y red Xred ≃ SpecB is finite étale over SpecA, showing that Xred → Y red is finite
étale. Since A is strictly w-local, the map SpecB → SpecA has a section, showing that
SpecA→ Y red lifts to SpecA→ Xred, proving surjectivity. □

Lemma 6.4.13. If X → Y is a torsor on Perfd for a profinite group H, then Xred → Y red

is a torsor on Affperf for H.

Proof. The reduction is clearly a quasi-torsor for H = Hred. To prove surjectivity, we can
argue as in the proof of Lemma 6.4.12 by writing H = lim←−nHn as an inverse limit of finite
groups, which we can use to write H-torsors over SpdA as inverse limits of finite étale covers
of SpdA. □

Corollary 6.4.14. For J ⊂ Gb(Qp) compact open mapping to J2 ⊂ G2,b(Qp) compact open,
the natural map (of sheaves on Affperf)

Igb (G,X)/K
p × J → Igb (G2,X2)/K

p
2 × J2

is finite étale.
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Proof. By Lemma 6.4.13, the map of the corollary is the reduction of the map of v-sheaves
on Perfd, see [Sch17, Corollary 9.11], given by

Igb,v (G,X)/K
p × J → Igb,v (G2,X2)/K

p
2 × J2

By Proposition 6.4.7 and Lemma 6.4.12, together with v-descent for finite étale morphisms,
this map is finite étale. □

Proof of Theorem 6.4.1. Let (G,X) be an auxiliary Shimura datum of Hodge type. Then
there is a diagram of surjective morphisms of Shimura data

(G2,X2) (G,X)

(Gad,Xad).

The theorem holds for (G,X) by [DvHKZ24, Theorem VIII, Lemma 4.4.2, Proposition 8.7.1]
and [Mao25, Proposition 5.14.(4)]. Using Corollary 6.4.14, we see that the natural map

Igb (G,X)/K
p × J → Igb (G

ad,Xad)/Kp,ad × Jad
2(6.4.1)

is finite étale. Since finite étale quotients of (perfections of) quasiprojective varieties of pure
dimension ⟨2ρ, νb⟩ are again quasiprojective varieties of pure dimension ⟨2ρ, νb⟩, we deduce
that the theorem holds for the (open and closed) image of the natural map in (6.4.1).
The rest of Igb (Gad,Xad)/Kp,ad × Jad is covered by the open and closed Gad(Apf )-translates
of this image, see Lemma 6.4.9.18 Thus it suffices to show that Igb (G2,X2)/K

p
2 × J2 has

finitely many connected components. This follows from Lemma 6.4.10 together with the
following three facts: Taking π0 is unaffected by taking diamonds, partial compactification,
and base change from SpdFp to SpdC. The latter follows e.g. from [Sch17, Theorem
1.13.(ii)]. The first fact holds because taking π0 agrees with hom into the perfect scheme
SpecFp

∐
SpecFp, and that the diamond functor is fully faithful. The second fact follows

from the partial properness of SpdFp
∐

SpdFp.
The theorem for (G2,X2) now follows directly from Corollary 6.4.14, since finite étale cov-

ers of perfectly finite type schemes that are equidimensional of dimension ⟨2ρ, νb⟩ are again
perfectly finite type schemes that are equidimensional of dimension ⟨2ρ, νb⟩. We moreover
note that the finite level Igusa varieties for (Gad,Xad) are perfections of quasi-projective
varieties, showing that the same holds for the finite level Igusa varieties for (G2,X2).

6.4.15. Basic Igusa varieties. Let (G2,X2) be an abelian type Shimura datum as before with
a place v above p of the reflex field. Let G′

2 be the inner form of G2 of [Han21, Proposition
3.1], and choose isomorphisms G′

2 ⊗Apf
∼−→ G2 ⊗Apf and G′

2 ⊗Qp
∼−→ G2,b, where b ∈ G(Q̆p)

is a representative of the basic element of B(G,−µ). Let MG2,b,µ,∞ be the infinite level
Rapoport–Zink space associated to (G2, b, µ) with its action of G̃b × G(Qp). Consider the
following version of [Han21, Definition 3.2].19

18Note that (G,X)(Ap
f ) acts transitively on π0(Sh(Gad,Xad)) because of weak approximation for adjoint

groups, see [PR94, Theorem 7.8 on p. 415], and the description of π0(Sh(Gad,Xad)) of [Del79, Section
2.1.3].

19It is expected that Sh(G2,X2)
◦,[b] = Sh(G2,X2)

[b], i.e., that the basic locus does not meet the bound-
ary, and thus that our definition is equivalent to [Han21, Definition 3.2]. This is known in all cases that
basic uniformization is known.
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Definition 6.4.16. We say that (G2,X2) satisfies ◦ basic uniformization at v if there is a
G2(Af )-equivariant isomorphism

Sh(G2,X2)
◦,[b] ∼−→ lim←−

Kp
2

G′
2(Q)\

(
MG2,b,µ,∞ × G2(Apf )/K

p
2

)
,

where G′
2(Q) acts on MG2,b,µ,∞ via its inclusion into Gb(Qp), such that: Under this iso-

morphism, the Hodge–Tate period map Sh(G2,X2)
◦,[b] → GrG,−µ is identified with the

projection

lim←−
Kp

2

G′
2(Q)\

(
MG2,b,µ,∞ × G2(Apf )/K

p
2

)
→MG2,b,µ,∞/Gb(Qp)

followed by the local Hodge–Tate period map.

As explained in the proof of [Han21, Theorem 3.3], it follows from the work of Xiao–Zhu,
Kim, Howard–Pappas, Shen [XZ17], [Kim25], [HP17], [She20] that: If G2 is unramified and
p > 2, that then (G2,X2) satisfies ◦ basic uniformization at v.

6.4.17. Choose x̃ ∈MG2,b,µ,∞(C) with image x ∈ GrG,−µ(C) under the local Hodge–Tate
period map.

Corollary 6.4.18. Suppose that (G2,X2) satisfies ◦ basic uniformization at v, then there is
a G′

2(Af )-equivariant isomorphism

Ig◦x (G2,X2)
∼−→ lim←−

Kp
2

G′
2(Q)\

(
Gb × G2(Apf )/K

p
2

)
,

where G′
2(Q) acts on Gb via its inclusion into Gb(Qp).

Proof. It follows from the definition that Ig◦x (G2,X2) is G2(Apf )-equivariantly identified with

Ig◦x (G2,X2)
∼−→ lim←−

Kp
2

G′
2(Q)\

(
G2,b(Qp) · x̃× G2(Apf )/K

p
2

)
.

We now show Gb(Qp)-equivariance. From uniformization we have a G2(Qp)-equivariant
isomorphism

Ψ : Ig◦x (G2,X2)×Gb(Qp)MG2,b,µ,∞
∼−→ lim←−

Kp
2

G′
2(Q)\G′

2(Af )/Kp ×Gb(Qp)MG2,b,µ,∞

pulling back to the product we obtain an isomorphism

Ψ : Ig◦x (G2,X2)×MG2,b,µ,∞
∼−→ lim←−

Kp
2

G′
2(Q)\G′

2(Af )/Kp ×MG2,b,µ,∞

which induces a family of isomorphisms indexed by points x̃ ∈ MG2,b,µ,∞ denoted by
ψx̃ : Ig◦x (G2,X2) → lim←−Kp

2

G′
2(Q)\G′

2(Af )/K
p
2 . Since the map Ψ is per definition G2(Qp)

and Gb(Qp)-equivariant the maps ψ−(∗) satisfy ψg−(∗) = ψ−(∗) for all g ∈ G2(Qp) and
ψh−(∗h−1) = ψ−(∗)h−1 for all h ∈ Gb(Qp). On the other hand because the map Ψ is
continuous, for fixed x ∈ Ig◦x (G2,X2) the map x̃ 7→ ψx̃(x) is continuous, and by the G2-
equivariance above it factors throughMG2,b,µ,∞/G2(Qp). By the main result of [GL22] this
quotient is connected, but lim←−Kp

2

G′
2(Q)\G′

2(Af )/K
p
2 is totally disconnected, thus the map is

constant. So we deduce that in fact ψx̃(x)h−1 = ψhx̃(xh
−1) = ψx̃(xh

−1) for any h ∈ Gb(Qp)
as desired. □
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Corollary 6.4.19. Suppose that (G2,X2) satisfies ◦ basic uniformization at v, then there
is a G2(Apf )-equivariant isomorphism of stacks over BunG2,Fp

Igs◦ (G2,X2)Fp

∼−→ [G′
2(Q)\G′

2(Af )/G2(Qp)].

□

7. Examples

The goal of this section is to describe a large number of examples where the hypotheses
of Theorem 6.3.2 are satisfied. Using the classification of Shimura data of abelian type,
one can write down all examples of triples (G2,X2,P2) with (G2,X2) of adjoint abelian type
where Conjecture 2.7.6 should apply. However, we do not know how to construct Hodge
type lifts for all of these, and we are agnostic about the existence of Hodge type lifts in
general. Instead, we give examples of Shimura data of types A,B,C,DR (in the sense of
the classification of abelian type Shimura varieties of [Mil05, Appendix B]) where we can
construct Hodge type lifts.

• In type B,C we will focus on the adjoint setting and deduce that: There are not
many P2 for which G′

2 admits a Shimura datum, but they all admit good Hodge
type liftings satisfying the conditions of Theorem 6.3.2.

• In type DR we will focus on special orthogonal groups rather than their adjoint quo-
tients.20 Here we will similarly find that there are not many P2 for which G′

2 admits
a Shimura datum, but they all admit good Hodge type liftings. Unfortunately these
Hodge type liftings do not satisfy the assumptions of Theorem 6.3.2 because they
do not have connected center. Nevertheless, we have decided to include them for
completeness.

• In type A, we focus on Shimura data of PEL type. Here there are many examples of
(G,X) and P for which G′ admits a Shimura datum (of PEL type). Unfortunately,
these often fail to satisfy the Hasse principle. Moreover, the induced adjoint Shimura
datum admits examples of P which do not lift to (G,X).

7.1. Type B,C,DR. Let L+ be a totally real field with set of real places Σ∞. Let G0,G2

over L+ be as in Section A.2, Section A.3 or Section A.4. We will also use the decomposition
Σ∞ = Σ∞,c

∐
Σ∞,nc from the appendix.

7.1.1. Now let p be a prime number. Recall that (where the product runs over primes p of
L+ over p).

H1(Qp, G2) ≃ π1(G2)GalQp
≃
∏
p

Z/2Z.

Under this isomorphism, the natural map to π1(G2)GalQ = Z/2Z is given by the direct sum
of the maps αp, where αp is the identity map Z/2Z→ Z/2Z.

20This is because there are cohomology classes for the adjoint group that we do not know how to lift to
Hodge type Shimura varieties.
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7.1.2. Over the real numbers R we have an isomorphism

G2,R ≃
∏
τ∈Σ∞

G2,0 ⊗L+,τ R

and π1(G2,R) =
∏
τ∈Σ∞

Z/2Z. By Lemmas A.6.8 and A.6.9, for every subset S∞ ⊂ Σ∞,nc

there is a class

[PS∞ ] ∈ H1(R,G2)

with the following properties:
• For τ ∈ S∞, the image of [PS∞ ] in π1(G2,0 ⊗L+,τ R) is nontrivial.
• For τ ̸∈ S∞, the class of [PS∞ ] in H1(R,G2,0 ⊗L+,τ R) is trivial.

7.1.3. We now combine the claim with the results of the previous section and the short
exact21 sequence of [Bor98, Theorem 5.16]

1→ H1(Q,G2)→
⊕

H1(Qv,G2)→ π1(G2)Gal(Q)/Q → 1.

Let S∞ ⊂ Σ∞ be as before and let Sp be a subset of Σp, the set of primes p of L+ above
p. We will use Σ̃p to denote the set of embeddings L+ → Qp, which comes with a forgetful
map Σ̃p → Σp. Finally, we write S = S∞ ∪ Sp.

Lemma 7.1.4. If S has even cardinality, then there is a unique cohomology class [PS ] in
H1(Q,G2) such that: It is nontrivial precisely at places v ∈ S and for v ∈ S∞ it agrees with
the class of Section 7.1.2.

Proof. This follows from the computations in Sections 7.1.2 and 7.1.1, together with the
Hasse principle and the fact that π1(G2)Gal(Q)/Q = Z/2Z. □

Let S be as in the statement of Lemma 7.1.4, choose a G2-torsor P2 ∈ [PS ] and let G′
2 be

the corresponding inner form. We have the following important lemma.

Lemma 7.1.5. There is a weak Shimura datum X′
2 for G′

2.

Proof. We take the weak real Shimura datum X′ for G′
2,R which equals Xτ at τ ̸∈ S∞ and is

trivial at τ ∈ S∞. Since g′2,τ,R is compact at places τ ∈ S∞ by construction, this is indeed
a weak real Shimura datum. □

7.1.6. Let S and PS be as before and consider the Shimura datum (G′
2,X

′
2) with reflex

field E′
2. Choose an isomorphism C ∼−→ Qp determining p-adic places v, v′ of the reflex fields

E2,E
′
2 respectively. We can now ask when the set B(G,P,−µ,−µ′) is nonempty. For this,

we note that our isomorphism C ∼−→ Qp induces a bijection Σ∞ → Σ̃p. For a prime p of L+

above p we will write Σ̃p for the preimage of p in Σ̃p.

Lemma 7.1.7. The set B(G2, PS ,−µ,−µ′) is nonempty if and only if the following condi-
tions hold.

• For p ∈ Sp, the preimage of Σ̃p in Σ∞ intersects S∞ in a set of odd cardinality
• For p ̸∈ Sp, the preimage of Σ̃p in Σ∞ intersects S∞ in a set of even cardinality.

21Here we are using that X1(L+,G2,0) = 0. In type B and C this follows because G2,0 is adjoint, see
[PR94, Theorem 6.22]). In type D this follows because the map Gsc

0,2 → G0,2 has kernel µ2, see [PR94,
Remark on page 337].



66 POL VAN HOFTEN AND JACK SEMPLINER

Proof. It is clear that the condition can be checked for one p at a time, so fix one. Then we
need to check that

κ(µ) + κ([P ]) = κ(µ′)

in π1(G2)Gal
L
+
p

= Z/2Z. The element κ(µ)− κ(µ′) counts the cardinality (modulo 2) of the

intersection of the preimage of Σ̃p in Σ∞ with S∞, and κ([P ]) is 1 ∈ Z/2Z when p ∈ Sp and
zero else (by construction). The lemma can be read off directly from this. □

7.1.8. Hodge type. Let (G2,X2), S, PS ,(G′
2,X

′
2) and C ∼−→ Qp be as before. Let L be a

quadratic totally imaginary extension of L+ such that all primes above p in L+ stay inert in
L, and write L = L+(

√
ϵ) for a totally negative element ϵ ∈ L+. Let Υ = (G0,X0, ι0, V, ψ, ϵ),

where ι0, V, ψ are as in Sections A.2, A.3, A.4. Let (G,X)→ G2 be the Hodge type Shimura
datum constructed from Υ in Section A.1, together with its Hodge embedding ι : (G,X)→
(GVL

,HVL
).

Proposition 7.1.9. There is a G-torsor P over SpecQ together with an isomorphism P×G

G2 → PS such that: The group G′ = AutG(P) admits a Shimura datum X′ such that G′ → G′
2

underlies a morphism of Shimura data (G′,X′) → (G′
2,X

′
2), such that the map ι′ : G′ →

(GV ′
L
,H′

VL
) satisfies Assumption 4.1.6, and such that

B(G,P,−µ,−µ′)

is nonempty.

Proof. We show that PS lifts to a torsor for ResL+/Q G0,++ ⊂ G. We use Shapiro’s lemma
to reduce it to a question over L+. By Corollary A.6.4, the natural map

π1(G0,++)GalL+
→ π1(G2)GalL+

is an isomorphism. Since G0,++ and G2,0 satisfy the Hasse principle, see Lemma A.6.1,
it suffices to construct lifts of [PS ] locally at all places. At places above p, the (unique)
existence of the local lift is guaranteed by Lemma A.6.6, and at infinite places, we choose
the lift constructed to the cocycle k described in Section A.1.9.

Next, we observe that B(G,P,−µ,−µ′) is nonempty. This is because the equality

κG2
(µ2) + κG2

(PS) = κG2
(µ′

2)

in π1(G2)GalQp
implies the equality

κG(µ) + κG(P) = κG(µ
′)

in π1(G)GalQp
= π1(G2)GalQp

⊕ Z (see Lemma A.6.6). Indeed, this comes down to checking
that µ, µ′ have the same composition (namely, 1) with the similitude map, which is well
known.

Finally, note that Assumption 4.1.6 holds by Proposition A.1.10. □

Remark 7.1.10. When choosing L, we only really need those places p such that p ∈ Sp to
be inert in L over L+. In the type B case, this is precisely saying that the quadratic spaces
V and V ′ become isomorphic over L. This should be compared with the choice of auxiliary
CM extension of the totally real field in the work of Tian–Xiao [TX16].
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7.1.11. Write Θ2 = (G2,X2,PS ,X
′
2), write σ for the natural map (G,X)→ (G2,X2) and let

ω : P ×G G2 → PS be an isomorphism (see Proposition 7.1.9), so that Σ = (G,X, σ,P, ω) is
a Hodge type lifting of Θ2 in the sense of Definition 6.1.3.

Corollary 7.1.12. If Gad
C is not of type D, then there is a Galois totally real field F such

that ΣF is an excellent Hodge type cover of Θ2,F.

Proof. We first construct a Galois totally real field F such that:
• The prime p is unramified in F.
• The field L+ is disjoint from F.
• In the extension L · F of L+ · F, all primes above p of L+ · F split.
• The algebraic group H2 is quasi-split at p.
• The class of P maps to zero in H1(Qp,H2).

To construct it, choose an unramified extension K of Qp containing Lp for all primes p above
p, such that G2 is quasi-split over K, and such that [P] is trivial over K. This is possible
because L is unramified over Qp, because groups become quasi-split over unramified exten-
sions, and because cohomology classes become trivial over unramified extensions. Using
weak approximation, we can choose a totally real number field F1 disjoint from (the Galois
closure of) L in which p is inert and such that F1 ⊗ Qp is K. Then we let F be the Galois
closure of F1, which has all the properties above by construction.

By Lemma A.1.13 and the second property, the group (H1,Y1) is constructed from ΥF.
It follows from Lemma A.6.1 that (H1,Y1) satisfies the Hasse principle. It moreover follows
from the last property and Lemma A.6.6 that P maps to zero in H1(Qp,H1), and from the
fourth property that (H1,Y1) is quasi-split at p. It follows from the third property and
Lemmas A.1.6 and A.5.3 that H1(Qp, ZH1

) = 0 and that ZH1
is a torus. It furthermore fol-

lows from Proposition 7.1.9 that B(H1,−µ1)∩B(H1,−µ′
1) is nonempty, because it contains

B(G,−µ,−µ′). Assumption 4.1.6 holds because it holds for (G,X), ι and P, or alternatively,
by another application of Proposition A.1.10. □

7.2. Type A. Let L be a CM field with totally real subfield L+. Let B be a division algebra
with center L equipped with an involution of the second kind ∗ such that L∗ = L+. Let V
(resp. V ′) be an n-dimensional Hermitian space over (B, ∗) and for τ : L+ → R let (rτ , sτ )
(resp. (r′τ , s

′
τ )) the signatures of V ⊗L+,τ R in the sense of [Lan13, Definition 1.2.5.2].

Consider the algebraic groups

G0 := UB(V )

G0 := UB(V
′)

G+ := ResL+/Q UB(V ) ⊂ GUB(V ) := G

G′
+ := ResL+/Q UB(V

′) ⊂ GUB(V
′) := G′

associated to V and V ′. Write X and X′ for the Shimura data associated to G and G′ by
[Mil05, Proposition 8.14], and E and E′ for their reflex fields.

7.2.1. Let P0 be the (UB(V ),UB(V
′)) bitorsor over L+ of B-linear isomorphisms of Her-

mitian spaces V → V ′, and let P be the induced G-torsor. Let ι : (G,X) → (GV ,HV )
be the tautological Hodge embedding, and note that the tautological Hodge embedding
ι′ : (G′,X′) → (GV ′ ,HV ′) is naturally identified with the twist by P of ι. Thus Assumption
4.1.6 is tautologically satisfied.
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7.2.2. Fix a prime p such that B splits over all primes p of L+ above p. Assume moreover
that P0 is trivial over ApL+,f and fix an isomorphism C ∼−→ Qp, inducing places v and
v′ of E and E′ with completions E and E′, respectively. We now want to compute when
B(G,−µ,−µ′) is nonempty in our situation. This is slightly easier to do for B(Gad,−µ,−µ′),
as we will now do.

7.2.3. Note that Gad =
∏

p G
ad
0,p, where the product runs over primes p of L+ above p.

Furthermore

π1(G
ad
0,p)Gal

L
+
p

=

 Z/nZ if p splits in L
Z/2Z if p does not split in L and n is even
0 p does not split in L and n is odd.

Note that there is an identification Σ∞ = Σ̃p from the embeddings τ : L+ → R to the set of
embeddings τ : L+ → Qp, and that there is a natural forgetful map u : Σ̃p → Σp.

Lemma 7.2.4. The set B(Gad,−µ,−µ′) is nonempty if and only if the following two con-
ditions hold:

• For all primes p split in L we have∑
τ∈u−1(p)

rτ =
∑

τ∈u−1(p)

r′τ mod n

• If n is even, then for all primes p nonsplit in L we have

κGad(Pp) +
∑

τ∈u−1(p)

rτ =
∑

τ∈u−1(p)

r′τ mod 2

Proof. We only need to check when κGad(µ) + κGad(P ) = κG′ad(µ′). We may check this
equality one prime p above p at a time. The lemma now comes down to the claim that the
image of −µ (resp. −µ′) in π1(G

ad
0,p)Gal

L
+
p

is given by rτ (resp. r′τ ). This follows from the

description of a standard h ∈ X and h′ ∈ X′ as in [XZ17, Example 2.1.8.(ii)]. □

Remark 7.2.5. We note that the existence of V ′ forces the equality∑
p

κGad(Pp) +
∑
τ

rτ =
∑
τ

r′τ mod 2,

see [XZ17, Example 2.1.8.(ii)].

The following Lemma recovers [XZ17, Remark 7.3.10] as a special case. More precisely,
[XZ17, Remark 7.3.10] deals with the case that p is inert in L and P is trivial.

Lemma 7.2.6. The set B(G,−µ,−µ′) is nonempty if and only if the following two condi-
tions hold:

• For all primes p split in L we have∑
τ∈u−1(p)

rτ =
∑

τ∈u−1(p)

r′τ

• If n is even, then for all primes p nonsplit in L we have

κG(Pp) +
∑

τ∈u−1(p)

rτ =
∑

τ∈u−1(p)

r′τ mod 2.
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• If n is odd, then either for all primes p nonsplit in L we have

κG(Pp) +
∑

τ∈u−1(p)

rτ =
∑

τ∈u−1(p)

r′τ mod 2,

or for all primes p nonsplit in L we have

κG(Pp) +
∑

τ∈u−1(p)

rτ ̸=
∑

τ∈u−1(p)

r′τ mod 2.

Proof. For G as above we have an isomorphism

GQp
≃ H ⊂

∏
p|p

GU(Lp/L
+
p )


where H is the subgroup of elements (gv, λv) such that for all v there is some λ ∈ Gm such
that λv = λ. Its cocenter is thus the group

T (R) := {((tv), λ) | tv ∈ (Lv ⊗R)×, λ ∈ R× and for all v, NmLv

L+
v
(tv) = λn}.

So we calculate that
X∗(T ) ⊂ Z× ZΣp(L)

is precisely the subset of (x, (yw)) such that nx = yw + ywc for all w, and the Galois group
GalQp

acts in the obvious way, here Σp(L) denotes the set of places of L above p with its
natural Galois action. Let I denote the set of places of L+

p inert in Lp, and let S denote the
set of places of L+

p which are split in Lp. Since there is a short exact sequence

0→ X∗(T )→ Z× ZΣp(L) σ−→ ZΣ+
p (L) → 0

taking coinvariants under GalQp
, we obtain

0→ Y → X∗(T )Γ → (Z× ZI/GalQp × Z(S/GalQp )
2

)→ ZI/GalQp × ZS/GalQp → 0

where Y = Coker
(
H1(GalQp ,ZΣp × Z)→ H1(GalQp ,ZΣ+

p )
)
. Using Shapiro’s lemma and

transfer maps to calculate Y we get

0→ (Z/2Z)I/GalQp/(n·
∑

i∈I/GalQp

ei)→ X∗(T )Γ → Z×ZI/GalQp×ZS/GalQp → ZI/GalQp×ZS/GalQp → 0,

where the ei are basis vectors for (Z/2Z)I/GalQp . Since the kernel of the rightmost map is
the free module ZS/GalQp × Z, we find that

X∗(T )Γ ∼= (Z/2Z)I/GalQp/(n ·
∑

i∈I/GalQp

ei)⊕ ZS/GalQp × Z.

From this the result follows by a simple calculation. □

7.2.7. For F a totally real field disjoint from L+ we write BF = B ⊗Q F, LF = L ⊗Q F and
VF = V ⊗Q F and similarly define V ′

F. This induces H1 = GUBF
(VF) and H′

1 = GUBF
(VF).

Lemma 7.2.8. There is a Galois totally real field F disjoint from L+ such that: The field
F is unramified at p, the BF ⊗ Qp Hermitian spaces V ⊗ Qp and V ′ ⊗ Qp are isomorphic,
and ZH1

is a product of induced tori.
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Proof. To construct it, choose an unramified extension K of Qp containing Lp for all primes
p above p, such that G is quasi-split over K, and such that [P ] is trivial over K. This is
possible because L is unramified over Qp, because groups become quasi-split over unrami-
fied extensions, and because cohomology classes become trivial over unramified extensions.
Using weak approximation, we can choose a totally real number field F1 disjoint from L in
which p is inert and such that F1 ⊗ Qp is K. Then we let F be the Galois closure of F1,
which has all the properties above by construction. □

Proof of Theorem 2. In types B,C, the theorem follows from Theorem 6.3.2 together with
Corollary 7.1.12. In type A, it follows from Theorem 6.3.5 together with Lemma 7.2.8 and
Proposition 4.4.8. □

8. Cohomological applications

In this section we give cohomological applications of our main results. In Section 8.1 we
glue together the Igusa sheaves for the two different Shimura data. In Section 8.2, we show
that Hecke operators applied to this glued sheaf compute the cohomology of both Shimura
varieties. In Section 8.3 we prove some results about the localization of the spectral action
on affine open subschemes and formal completions of the stack of L-parameters. In Sections
8.4 and 8.5 we use these results to prove Theorem 1.

8.1. Gluing. Let (G,X) be a Shimura datum of abelian type, and fix a prime p together with
an isomorphism C ≃ Qp. Let P be a G-torsor over SpecQ trivial over Apf , let G′ = AutG(P)

and let (G′,X′) be a Shimura datum satisfying Assumption 2.7.2. Choose a trivialization
κp : P⊗Apf → G⊗Apf inducing an identification G⊗Apf → G′ ⊗Apf . We let v and v′ be the
places of E and E′ determined by our identification C ≃ Qp. Assume that Conjecture 2.7.6
holds, and consider the commutative diagram produced by it

Igs◦ (G,X)−µ′ Igs◦(G′,X′)−µ

BunG BunG′ .

∼

βP

Notice that Igs◦ (G,X)−µ′ ⊂ Igs◦ (G,X) and Igs◦(G′,X′)−µ ⊂ Igs◦(G′,X′) are open substacks.
Thus we may use the isomorphism above to glue Igs◦ (G,X) to Igs◦(G′,X′) along their com-
mon open substack, we will denote this gluing by Igs◦ (G,X,P, κp). The G(Apf )-equivariance

of the isomorphism gives us an action of G(Apf ) on Igs◦ (G,X,P, κp). If we use β−1
P to give

Igs◦(G′,X′) a structure map π̃ to BunG, then Igs◦ (G,X,P, κp) lives over BunG.

8.1.1. Fix an algebraic closure k of Fp and let ℓ ̸= p. We let BunG,−µ∪−µ′ ⊂ BunG be
the union of the quasicompact open substacks BunG,−µ and BunG,−µ′ . Fix a neat compact
open subgroup Kp ⊂ G(Apf ) and consider (where the level Kp objects are as in [DvHKZ26,
Section 4.5])

π : Igs◦Kp (G,X)→ BunG,−µ∪−µ′

π′ : Igs◦Kp(G′,X′)→ BunG,−µ∪−µ′

π̃ : Igs◦Kp (G,X,P, κp)→ BunG,−µ∪−µ′ .
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8.1.2. For Λ a Zℓ-algebra where ℓ is nilpotent containing a fixed square root of p, and
for W a standard Λ local system as in [DvHKZ26, Section 5.2.1], we define objects in
Dét(BunG,−µ∪−µ′,k,Λ) by

F = FW := Rπk,∗W, F ′ = F ′
W := Rπ′

k,∗W, F̃ = F̃W := Rπ̃k,∗W.

Let TKp denote the Hecke algebra for G(Apf ) with level Kp and coefficients in Λ; note that
TKp acts on F ,F ′, F̃ .

Lemma 8.1.3. There are natural TKp-equivariant isomorphisms

F̃
∣∣∣
BunG,−µ

∼−→ F

F̃
∣∣∣
BunG,−µ′

∼−→ F ′.

Proof. This is a direct consequence of smooth base change along the open immersions
BunG,−µ → BunG,−µ∪−µ′ and BunG,−µ′ → BunG,−µ∪−µ′ , see [Sch17, Theorem 1.10.(iii)].
The Hecke-equivariance follows from the G(Apf )-equivariance of the isomorphism Igs◦ (G,X)−µ′

∼−→
Igs◦(G′,X′)−µ. □

Corollary 8.1.4. The sheaf F̃ is ULA with respect to BunG,−µ∪−µ′,k → Spd k in the
following three situations.

• The Shimura varieties for both (G,X) and (G′,X′) are proper.
• Both (G,X) and (G′,X′) are of Hodge type.
• The Shimura data (G,X) and (G′,X′) are of abelian type and satisfy Milne’s axiom

SV5.

Proof. By [FS24, Theorem V.7.1], it suffices to prove that both F and F ′ are ULA. In
the first situation, this is [DvHKZ26, Proposition 5.2.6], and in the second situation this
is [DvHKZ24, Corollary 8.5.4]. In the third situation, this follows from Theorem 6.4.1 and
[FS24, Theorem V.7.1], as in the proof of [DvHKZ24, Corollary 8.5.4]. □

8.2. Hecke operators. Recall the global and local Hecke stacks and the Hecke correspon-
dences of Fargues–Scholze, see [FS24, Section 8.4]. We have the following lemma.

Lemma 8.2.1. The torsor P induces an isomorphism βP : HckG → HckG′ of global Hecke
stacks fitting a 2-commutative diagram

HckG

BunG BunG×Div1

HckG′

BunG′ BunG′ ×Div1 .

βP

h1,Gh2,G

βP βP×Id

h1,G′h2,G′
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It moreover induces an isomorphism βP : HckG → HckG′ of local Hecke stacks fitting in a
2-commutative diagram

HckG HckG

HckG′ HckG′ .

βP βP

Proof. We first recall the construction of the isomorphism βP : BunG → BunG′ , see [FS24,
Corollary III.4.3]. First of all, the G-torsor P over SpecQp defines for (R,R+) ∈ Perfd a
G-torsor P(R,R+) on X(R,R+) by pullback. Given (R,R+) ∈ Perfd and a G-bundle E on
X(R,R+), then βP (E) = IsomG(E , P(R,R+)), considered as a G′-bundle via its natural action
of G′

X(R,R+)
= AutG(P(R,R+)).

The global Hecke stack is the moduli stack sending S = Spa(R,R+) to the set of quadru-
ples (E1, E2, D, f), where E1, E2 ∈ BunG(R,R

+), where D ⊂ X(R,R+) is a degree 1 Cartier
divisor and where

f : E1
∣∣
X(R,R+)\D

→ E2
∣∣
X(R,R+)\D

is an isomorphism of G-bundles. It is clear that f induces an isomorphism

βP (f) : βP (E1)
∣∣
X(R,R+)\D

→ βP (E2)
∣∣
X(R,R+)\D

and so we get a quadruple (βP (E1), βP (E2), D, βP (f)) ∈ HckG′(R,R+). This defines a
morphism βP : HckG → HckG′ making the first diagram of the lemma commute.

A similar argument shows the existence of the isomorphism βP : HckG → HckG′ of local
Hecke stacks sitting inside the second commutative diagram of the lemma. □

We can also consider HckG,≤µ → BunG×Div1E and HckG,≤µ′ → BunG×Div1E′ and their
basechanges to k.

8.2.2. We note that Lemma 8.1.3 provides us with natural maps F̃ → F and F̃ → F ′. Let
us denote by i1 the inclusion of Bun[1]G,k → BunG,k and let us denote by i1′ the inclusion of

Bun
[P ]
G,k → BunG′,k. Under the morphism βP , the map i1′ gets identified with the inclusion

of Bun[1]G′,k → BunG′,k.

Lemma 8.2.3. The natural maps

i∗1Tµjk,!F̃ → i∗1Tµjk,!F

i∗1′Tµ′jk,!F̃ → i∗1′Tµ′jk,!F ′

are isomorphisms.

Proof. We only prove the first statement, the second statement can be proved in a similar
fashion using Lemma 8.2.1. We consider the following commutative diagram

BunG,−µ Hck
[1]
G,µ,k Bun

[1]
G,k ×Div1E

BunG HckG,µ,k BunG,k ×Div1E ,

ĩ1

h̃2

i1

h1

h2



A GEOMETRIC JACQUET–LANGLANDS CORRESPONDENCE FOR SHIMURA VARIETIES 73

where we note that the dotted arrow exists by [DvHKZ24, Lemma 8.4.4]. The Hecke operator
Tµ is given by h2,∗h∗1[−d](−d2 ), see the proof of [DvHKZ24, Theorem 8.4.8]. Using smooth
base change for the open immersion Bun

[1]
G,k → BunG,k, we see that

i∗1Tµ ≃ i∗1h2,∗h∗1[−d](−d2 )

≃ h̃2,∗ĩ∗1h∗1[−d](−d2 ).

The lemma now follows from the fact that the natural map ĩ∗1h
∗
1jk,!F̃ → ĩ∗1h

∗
1jk,!F is an

isomorphism, which is a consequence of the above commutative diagram and Lemma 8.1.3.
□

We have the following important result. Let j : BunG,−µ∪−µ′ → BunG be the inclusion
and use W to denote the automorphic local system on ShKp(G,X) and ShKp(G′,X′) induced
by W .

Proposition 8.2.4. There is a G(Qp)×WE × TKp-equivariant isomorphism

i∗1Tµjk,!F̃W → RΓ(ShKp(G,X)E ,W)[d](d/2)

and a G′(Qp)×WE′ × TKp-equivariant isomorphism

i∗1′Tµ′jk,!F̃W → RΓ(ShKp(G′,X′)E ,W)[d′](d′/2)

Proof. This can be proved by combining [DvHKZ26, proof of Theorem 5.3.11] with [Wu25,
Proposition 5.21], as explained in [DvHKZ26, Remark 5.3.12]. □

8.2.5. Now suppose that L is a finite extension of Qℓ containing a fixed square root of p.
Let W be a standard OL local system as in [DvHKZ26, Section 5.2.1].

Hypothesis 8.2.6. For all n the sheaf F̃W/ℓnW is ULA.

Hypothesis 8.2.6 is often satisfied by Corollary 8.1.4. Consider the pro-system

{F̃W/ℓnW}n∈N.

Assuming Hypothesis 8.2.6, this defines an object F̃W ∈ Dlis(BunG,−µ∪−µ′,k,OL) via the
equivalence of categories of [CHZ26, Lemma 7.4]. We can moreover base change this object
to consider it as an object F̃W,Λ′ in Dlis(BunG,−µ∪−µ′,k,Λ) for Λ = L,Zℓ,Qℓ, see [CHZ26,
Lemma 7.5]. For such Λ we also consider

RΓ(ShKp(G,X)E ,WΛ)[d](d/2) := lim−→
Kp

RΓ(ShKpKp
(G,X)E ,WΛ)[d](d/2),

and its variant for (G′,X′).

Proposition 8.2.7. Let Λ ∈ {OL, L,Zℓ,Qℓ} and assume Hypothesis 8.2.6. There is a
G(Qp)×WE × TKp-equivariant isomorphism

i∗1Tµjk,!F̃W,Λ → RΓ(ShKp(G,X)E ,WΛ)[d](d/2)

and a G′(Qp)×WE′ × TKp-equivariant isomorphism

i∗1′Tµjk,!F̃W → RΓ(ShKp(G′,X′)E ,W)[d′](d′/2)

Proof. This immediately follows from [CHZ26, Lemma 7.4.(3)] and Proposition 8.2.4. □
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8.3. Applying the spectral action. Let Ĝ be the dual group of G over Zℓ[
√
p] equipped

with its action of WQp
. We define the L-group LG as the semi-direct product Ĝ ⋊WQp

,
see [BG14, Section 2.1]. We consider the Zℓ[

√
p]-representation Vµ (resp. Vµ′) of Ĝ as in

[DvHKZ24, Section 8.4.1]. It extends canonically to a representation rµ of LGE := Ĝ⋊WE

(resp. LGE′) as in [DvHKZ24, Section 8.4.6]. We denote by ParG the stack of L-parameters
over Zℓ[

√
p] as in [DHKM25], [Zhu20], and [FS24]. This is the stack quotient of the moduli

space Z1(WQp , Ĝ)Λ of 1-cocycles (in Λ/Zℓ[
√
p]-algebras) by the conjugation action of Ĝ.

8.3.1. From now on we will work in the following setup.

Setup 8.3.2. Let L be a finite extension of Qℓ[
√
p]. We let Λ and W be one of the following.

• Λ is an OL-algebra in which ℓ is nilpotent, and W is any standard Λ-local system.
• W is a standardOL-local system satisfying Hypothesis 8.2.6 and Λ ∈ {OL, L,Zℓ,Qℓ}.

8.3.3. Assume that P = P⊗Qp is trivial and fix a trivialization κp inducing an identification
G = G′. The following result is a consequence of the spectral action, see [FS24, Theorem
X.0.2] and [FS24, Theorem IX.0.1].

Corollary 8.3.4. If either ℓ is coprime to the order of π0(ZG) or ℓ is invertible in Λ, then
there is a natural map

(8.3.1)

RHomParG(Vµ, Vµ′)

RHomG(Qp)×TKp (RΓ(ShKp(G,X)E ,W)[d], RΓ(ShKp(G′,X′)E ,W)[d′])

Note that we are taking homomorphisms of G(Qp)×TKp -modules only here; these mor-
phisms are not required to be Galois equivariant in any way.

Remark 8.3.5. If P is not trivial, then left hand side of equation (8.3.1) is zero, see Section
8.5.

Proof of Corollary 8.3.4. By [FS24, Theorem X.0.2] and [FS24, Theorem IX.0.1], there is a
natural morphism

RHomParG(Vµ, Vµ′)→ RHomDlis(BunG,k,Λ)(TµF̃W, Tµ′F̃W).

It follows from the functoriality of the spectral action that it lands in the subspace of
RHomDlis(BunG,k,Λ)(TµF̃W, Tµ′F̃W) consisting of morphisms commuting the action of TKp

on source and target. The corollary follows by composing with

RHomDlis(BunG,k,Λ)(Tµjk,!F̃W, Tµ′jk,!F̃W)→ RHom
Dlis(Bun

[1]
G,k,Λ)

(i∗1Tµjk,!F̃W, i
∗
1Tµ′F̃W),

and identifying the right hand side with

RHomG(Qp) (RΓ(ShKp(G,X)E ,W)[d], RΓ(ShKp(G′,X′)E ,W)[d′])

using Proposition 8.2.4. □

Remark 8.3.6. It is not clear that the map of Corollary 8.3.4 is nonzero. In the rest of
this section we will prove refinements of Corollary 8.3.4 which allows us to "localize" over
the GIT quotient

Z1(WQp
, Ĝ)Λ � Ĝ =: Xspec

Ĝ
.
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8.3.7. Fix a field Λ → κ and a closed point ϕ : Specκ → Xspec

Ĝ
with inverse image

q−1(ϕ) in ParG,k along the map q : ParG,k → Xspec

Ĝ
. Let us write Par∧G,ϕ for the formal

completion of ParG,k in the closed subset q−1(ϕ). By [Zou25, Lemma 3.13], the stable infinity
category IndPerf(Par∧G,ϕ) can be identified with the full subcategory of IndPerf(ParG) of
those complexes that are set-theoretically supported on q−1(ϕ).

8.3.8. Zou defines in [Zou25, Definition 3.9] the category (using the Lurie tensor product)

Dlis(BunG, κ)
∧
ϕ := D(BunG, κ)⊗IndPerf(ParG) IndPerf(Par

∧
G,ϕ),

where the morphism IndPerf(ParG)→ IndPerf(Par∧G,ϕ) is given by pullback. By construc-
tion, it admits an action of IndPerf(Par∧G,ϕ). If k is algebraically closed, then by [Zou25,
Corollary 3.18], it can be identified with the full subcategory of D(BunG, κ) consisting
of objects F such that all irreducible subquotients of all cohomology sheaves of F have
Fargues–Scholze L-parameter ϕ.

8.3.9. We recall from [HL24, Definition A.1] the full subcategory

Dlis(BunG, κ)ϕ ⊂ D(BunG, κ)

consisting of those objects where the action of Zspec(G, κ) factors through the local ring of
Xspec

Ĝ
⊗Λ kϕ at the closed point ϕ.

Lemma 8.3.10. We have an inclusion Dlis(BunG, κ)
∧
ϕ ⊂ Dlis(BunG, κ)ϕ.

Proof. By [Zou25, Lemma 3.17], we know that Dlis(BunG, κ)
∧
ϕ is compactly generated by

objects which are compact and ULA in D(BunG, κ). Since Dlis(BunG, κ)ϕ is closed under
colimits, it suffices to show that it contains the compact generators of Dlis(BunG, κ)

∧
ϕ . But

this follows directly from [Zou25, Corollary 3.18]. □

We thank David Hansen for helpful suggestions about the proof of the next lemma.

Lemma 8.3.11. If F ∈ Dlis(BunG, κ)ϕ is an object whose corresponding object in D(BunG, κ)
is ULA and supported at finitely many Newton strata, then F ∈ Dlis(BunG, κ)

∧
ϕ .

Proof. By [Zou25, Corollary 3.18], it suffices to show that all irreducible subquotients of all
cohomology sheaves of F have Fargues–Scholze L-parameter ϕ. The category Dlis(BunG, κ)

has a semi-orthogonal decomposition into Dlis(Bun
b
G, κ)’s via excision triangles [FS24, The-

orem I.5.1]; it follows that F has a filtration whose graded pieces are ib!i
∗
bF . Thus it

suffices to prove that the irreducible subquotients of the cohomology sheaves of ib!i∗bF have
Fargues–Scholze L-parameter ϕ. Since ib! is fully faithful, this comes down to showing that
the cohomology sheaves of i∗bF have Fargues–Scholze L-parameter ϕ.

Let G be one of these cohomology sheaves and let f : G0 → H be an irreducible quotient of
G0 ⊂ G. Then H is an irreducible smooth representation, hence admissible (ULA). The map
f has a direct sum decomposition (source and target are ULA, now use [HL24, Proposition
A.5]) ⊕

ϕ′

G0,ϕ′ →
⊕
ϕ′

Hϕ′ ,

where the direct sums run over semisimple L-parameters over κ. Since G and hence G0 is
ϕ-local, it follows that G0,ϕ′ is zero unless ϕ′ = ϕ. Since f is surjective, we see that H = Hϕ.
Since H is irreducible, it follows from the definition that its L-parameter must equal ϕ. □



76 POL VAN HOFTEN AND JACK SEMPLINER

Corollary 8.3.12. Let ϕ be as above and suppose that either ℓ is coprime to the order of
π0(ZG) or that ℓ is invertible in κ. If F̃W is ULA, then there is a morphism

RHomPar∧G,ϕ
(Vµ, Vµ′)

RHomG(Qp)×TKp (RΓ(ShKp(G,X)E ,W)ϕ[d], RΓ(ShKp(G′,X′)E ,W)ϕ[d
′]) .

Proof. Since F̃W is ULA, so is F̃W,ϕ. Therefore by Lemma 8.3.11, we see that F̃W,ϕ ∈
Dlis(BunG, κ)

∧
ϕ . The corollary follows. □

8.3.13. Recall that Xspec

Ĝ
is a disjoint union of affine schemes ([FS24, Theorem VIII.1.3]).

Recall moreover from [FS24, discussion before Theorem IX.5.2] that there is a direct product
decomposition

D(BunG) =
∏

c∈π0(ParĜ)

D(BunG)c

according to the action of O(ParĜ) on D(BunG); this is compatible with the spectral action.

8.3.14. From now until the end of this section we work in the following somewhat compli-
cated setting. Fix a sufficiently large finite set W ⊂ π0(ParĜ) and consider the induced spec-
tral action of Perf(ParĜ,W ) on D(BunG,Λ)W :=

∏
c∈W D(BunG)c. Let S ⊂ O(ParĜ,W )

be a multiplicative subset and recall that O(ParĜ,W ) acts functorially on all objects of
D(BunG)W . The following definition is closely modeled on [HL24, Definition A1].

Definition 8.3.15. Write D(BunG)S for the full subcategory of D(BunG)W consisting of
objects where all f ∈ S act via isomorphisms.

The following proposition is the direct analogue of [HL24, Proposition A.2].

Proposition 8.3.16. If Λ is a field, then the following hold.
(1) The subcategory D(BunG)S is stable under the spectral action.
(2) The inclusion D(BunG)S ⊂ D(BunG)W has a left adjoint LS which commutes with

the spectral action.
(3) The natural map Hom(B,A)[S−1] → Hom(B,LS(A)) is an isomorphism for all A

and for any compact object B.
(4) The support of A contains that of LS(A) = AS.

We write LS(A) =: AS .

Proof. The proof is the same as [HL24, A.1-A.3]. □

8.3.17. Now assume that S is finitely generated. Let j0 : U0 → Xspec

Ĝ,W
be the affine open

immersion defined by localization at the set S, with closed complement i0 : Z0 → Xspec

Ĝ,W

and we let RU0
= OXspec

Ĝ,W
(U0). Finally we let U be the fiber product

ParĜ,W ×Xspec

Ĝ,W
SpecRU0

and let j : U → ParĜ be the corresponding open immersion, with i : Z → ParĜ the closed
complement.

Proposition 8.3.18. Let U be as above. If Λ is a field, then the spectral action induces an
action of the category IndPerf(U) on the category D(BunG,Λ)S defined above.
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Proof. Recall from [FS24, Theorem VIII.5.2] that the ∞-category IndPerf(ParĜ)W is gen-
erated under cones and retracts by the pullbacks of elements of Perf(Ĝ). One way to verify
this is to use [FS24, Theorem VIII.5.8 of v2] applied to the scheme Z1(WQp

, Ĝ)Λ parame-
terizing local Langlands parameters. We note that conditions (1), (2), (3) of this theorem
are stable under passage to the open Ũ ⊂ Z1(WQp , Ĝ)Λ that is the inverse image of U .
Indeed, condition (1) clearly passes to any open whatsoever, whereas conditions (2), (3)
are only checked on closed G-orbits in Z1(WQp , Ĝ)Λ, and since Ũ is obtained from base
change from the open U0, we see that closed orbits in Ũ are in bijection with closed orbits
in Z1(WQp

, Ĝ)Λ which lie in Ũ . Thus applying the higher Bar–Beck–Lurie theorem [Lur17,
Theorem 4.7.3.5], and using the commutative diagram

U ParĜ

BĜ

j

we obtain

ModO(Z1(WQp ,Ĝ)Λ)(IndPerf(BĜ)) ModO(Ũ)(IndPerf(BĜ))

IndPerf(ParĜ) IndPerf(U).

∼

L

j∗

∼

Here the vertical equivalences are induced by pushforward, and the top horizontal arrow
(defined such that the diagram commutes) is the functor L(M) =M ⊗O(Z1(WQp ,Ĝ)Λ) O(Ũ).

By abuse of notation we denote by S the subset of Z(ModO(Z1(WQp ,Ĝ)Λ)(IndPerf(BĜ)))

induced by the multiplicative set S, then the functor L induces an equivalence

L : ModO(Z1(WQp ,Ĝ)Λ)(IndPerf(BĜ))[S
−1]

∼−→ ModO(Ũ)(IndPerf(BĜ)).

Now we relate this back to the spectral action. Because the spectral action of IndPerf(ParĜ)
on D(BunG)S sends the elements of S to invertible morphisms (by part (1) of proposition
8.3.16), by the universal mapping property of localization there exists an induced action of
IndPerf(U) on D(BunG)S . □

We have the following upgrade of Corollary 8.3.4.

Corollary 8.3.19. Suppose that either ℓ is coprime to the order of π0(ZG) or that ℓ is
invertible in Λ, and let U ⊂ ParG be an open substack cut out by a finitely generated
multiplicative set S ⊂ OZ1(WQp ,Ĝ)//Ĝ. Then there exists a natural map

RHomU (Vµ, Vµ′)

RHomG(Qp)×TKp (RΓ(ShKp(G,X)E ,W)ϕ[d]S , RΓ(ShKp(G′,X′)E ,W)ϕ[d
′]S) .

8.4. Examples. The goal of this section is to give example applications of Corollaries 8.3.4,
8.3.12 and 8.3.19. We let Λ and W be as in Setup 8.3.2 and continue to assume that P
is trivial. Fix a field Λ → κ and a closed point ϕ : Specκ → Xspec

Ĝ
corresponding to a

semisimple L-parameter ϕ.
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8.4.1. Let Sϕ ⊂ Ĝ be the centralizer of ϕ. Recall that ϕ is called generous, see [Han24,
Definition 2.1.5], if there is an isomorphism

ParG×L
Xspec

Ĝ

{ϕ} ≃ [Specκ/Sϕ] ,

where L denotes the derived fiber product. When κ has characteristic ℓ, generous parameters
are also called parameters of Langlands–Shahidi type, see [HL24, Remark 6.5]. We have the
following consequence of an amazing theorem of Alper–Hall–Rydh [AHR20].

Theorem 8.4.2. If ϕ is generous and Sϕ is linearly reductive over κ, then there is an
isomorphism

Par∧G,ϕ ≃ [Spf A/Sϕ] ,

where Spf A is the completion of a finite type κ-algebra in a finitely generated ideal of defi-
nition, together with a commutative diagram

Par∧G,ϕ ParG

[Spf A/Sϕ] [Specκ/Sϕ]
[
Specκ/Ĝ

]
.

Proof. This is a direct consequence of [AHR20, Theorem 1.1] applied to X = ParG, x = ϕ
and H = Gx = Sϕ. □

Remark 8.4.3. If κ has characteristic zero, then Sϕ is linearly reductive if and only if the
identity component of Sϕ is reductive over κ. If κ does not have characteristic zero, then Sϕ
is linearly reductive if the identity component of Sϕ is a torus and π0(Sϕ) is of order prime
to ℓ.

Corollary 8.4.4. Suppose that F̃W is ULA. If ϕ is generous and Sϕ is linearly reductive
over κ, then there is a morphism

RHomSϕ
(Vµ, Vµ′)

RHomG(Qp)×TKp (RΓ(ShKp(G,X)E ,W)ϕ[d], RΓ(ShKp(G′,X′)E ,W)ϕ[d
′]) .

Proof. This is a direct consequence of Theorem 8.4.2 together with Corollary 8.3.12. □

Corollary 8.4.5. Suppose that F̃W is ULA. If ϕ is generous and Sϕ is linearly reductive over
κ and Vµ is a direct summand of Vµ′ as a representation of Sϕ, then RΓ(ShKp(G,X)E ,W)ϕ[d]
is a G(Qp)× TKp-equivariant direct summand of RΓ(ShKp(G′,X′)E ,W)ϕ[d

′].

Proof. This is a direct consequence of Theorem 8.4.2 together with Lemma 8.3.11 applied
to F̃W,ϕ, and the additivity of the spectral action of Perf(Par∧G,ϕ) on Dlis(BunG, κ)

∧
ϕ . □

Example 8.4.6. Suppose that Sϕ = Z(Ĝ)GalQp . Then Vµ is a direct summand of Vµ′ as a
representation of Sϕ (or vice versa) if and only if κ(µ) = κ(µ′) if and only if B(G,P,−µ,−µ′)
is nonempty.



A GEOMETRIC JACQUET–LANGLANDS CORRESPONDENCE FOR SHIMURA VARIETIES 79

8.5. What if the groups are different at p. Let us start again from Proposition 8.2.4,
but now in the situation that P is not trivial so that [1] ̸= [1′]. In this case, it follows as in
the proof of Corollary 8.3.4 that there is a morphism

RHomParG(Vµ, Vµ′)→ RHomDlis(BunG,k,Λ)(TµF̃ , Tµ′F̃).

The left hand side is zero, because there are no homomorphisms between Vµ and Vµ′ con-
sidered as representations of Z(Ĝ)GalQp . Indeed, both are direct sums of a single character
κ(µ), κ(µ′) ∈ π1(G)GalQp

, which differ by κ([P ]) ̸= 0. The right hand side is also zero,
because the sheaves TµF̃ , Tµ′F̃ are supported on different connected components of BunG,k
(this follows from the compatibility of the spectral action with the central grading, see
[Zou24, Lemma 5.3.2]). Therefore, it is clear that a new idea is needed to relate the co-
homology groups of the different Shimura varieties (see [Zhu20, Conjecture 4.7.16] for a
conjectural comparison at parahoric level).

8.5.1. Let Λ,W be as in Setup 8.3.2. Suppose that Λ is a field, choose a semisimple L-
parameter ϕ : WQp

→ LG(Fℓ) and a morphism TKp → Λ with kernel m. Recall that ϕ is
called supercuspidal if Z(Ĝ)GalQp ⊂ Sϕ has finite index. The following result and its proof
were suggested to us by David Hansen.

Proposition 8.5.2. Assume that κ(µ) + κ([P ]) = κ(µ′). Suppose that ϕ is supercuspidal
and that dimVµ,dimVµ′ are invertible in Λ. Then

RΓ(ShKp(G,X)E ,Λ)ϕ,m ̸= 0

if and only if

RΓ(ShKp(G′,X′)E ,Λ)ϕ,m ̸= 0.

Proof. Under our assumption, the inclusion Λ→ Vµ ⊗ V ∨
µ = End(Vµ) of Ĝ-representations

has a section given by f 7→ Tr f
dimVµ

, turning it into a direct summand, and the same works
with Λ→ Vµ′ ⊗ V ∨

µ′ .

It follows from the above observation and the functoriality of the spectral action that
F̃ is functorially a direct summand of TV ∨

µ
◦ Tµ and also functorially a direct summand of

TV ∨
µ′
◦ Tµ′ ; this implies that the same holds for F̃ϕ,m. In particular, we find that

TµF̃ϕ,m ̸= 0 ⇐⇒ F̃ϕ,m ̸= 0 ⇐⇒ Tµ′F̃ϕ,m ̸= 0.

Our assumption that κ(µ) + κ([P ]) = κ(µ′) tells us that F̃ is supported on a single com-
ponent of BunG, namely the component associated to κ(µ). It follows that TµF̃ and Tµ′F̃
are also supported on a single component, namely the components containing [1] and [1′],
respectively. Since ϕ is supercuspidal, it follows from this that (by applying [FS24, Theorem
IX.7.2])

TµF̃ϕ,m ̸= 0 ⇐⇒ i∗1TµF̃ϕ,m ̸= 0

Tµ′F̃ϕ,m ̸= 0 ⇐⇒ i∗1′Tµ′F̃ϕ,m ̸= 0.

The proposition now follows from Propositions 8.2.4 and 8.2.7. □
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8.5.3. Now suppose that Sϕ = Z(Ĝ)GalQp . Recall that characters of Z(Ĝ)GalQp correspond
to π1(G)GalQp

. Using Theorem 8.4.2 we can define line bundles L(λ) on Par∧G,ϕ for λ ∈
π1(G)GalQp

. Suppose that κ(µ)+κ([P ]) = κ(µ′), and define the line bundle L = L(−κ([P ]))
on Par∧G,ϕ as above. There is a natural equivalence (see [Zou24, discussion before Lemma
5.3.2])

Dlis(BunG,k,Λ)ϕ =
∏

λ∈π1(G)GalQp

Dlis(BunG,k,Λ)ϕ,λ.

The Hecke operator TL defines an equivalence (because L is a line bundle)

Dlis(BunG,k,Λ)
∧
ϕ

∼−→ Dlis(BunG,k,Λ)
∧
ϕ ,

which takes the summand indexed by λ to the summand indexed by λ− κ([P ]) (by [Zou24,
Lemma 5.3.2]). In particular, since ϕ is supercuspidal, it induces an equivalence

Dlis(Bun
[1′]
G,k,Λ)

∧
ϕ → Dlis(Bun

[1]
G,k,Λ)

∧
ϕ

or alternatively

TL : Dlis(G
′(Qp),Λ)∧ϕ → Dlis(G(Qp),Λ)∧ϕ .

This is some incarnation of a local Jacquet–Langlands correspondence.

Theorem 8.5.4. Suppose that Sϕ = Z(Ĝ)GalQp and that κ(µ) + κ([P ]) = κ(µ′). For
N = i∗1TL(κ(µ))F̃W,ϕ, there is a G(Qp)× TKp-equivariant isomorphism

N⊕ dimVµ
∼−→ RΓ(ShKp(G,X)E ,W)ϕ[d]

and a G(Qp)× TKp-equivariant isomorphism

N⊕ dimVµ′ ∼−→ TLRΓ(ShKp(G′,X′)E ,W)ϕ[d
′].

Proof. The first statement follows directly from the definitions. For the second statement,
we note that

TL(κ(µ′))jk,!F̃W,ϕ = Tκ(P) ◦ TL(κ(µ))jk,!F̃W,ϕ.

Recall moreover that

i∗1′T
⊕DimVµ′

L(κ(µ′)) jk,!F̃W,ϕ
∼−→ RΓ(ShKp(G′,X′)E ,W)ϕ[d

′].

Since ϕ is supercuspidal, the result now follows as in the proof of Proposition 8.5.2. □

Appendix A. Standard Hodge type Shimura data

The goal of this section is to give an abstract presentation of the construction of certain
standard Hodge type Shimura data of type B,C and DR, and to analyze their properties.
This is used in Section 7 and has been moved here for future reference and to de-clutter
that section. Our presentation is inspired by [Del71, Section 6], [Shi78], [KS22, Section 12
of v1].

A.1. Abstract setup.
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A.1.1. Let L+ be a totally real field and let G0 be a connected reductive group over L+

with Gad
0 simple. Let Σ∞ be the set of morphisms τ : L+ → R and write Σ∞,c ⊂ Σ∞ be the

set of infinite places τ where G0,τ,R has compact modulo center R-points, write Σ∞,nc for
its complement. Let {Xτ}τ∈Σ∞,nc

be weak real Shimura data for G0,τ,R := G0 ⊗L+,τ R. We
use this to equip G4 = ResL+/Q G0 with a weak Shimura datum X4. It is a Shimura datum
(i.e., it satisfies Milne’s axiom SV3) if Σ∞,nc ̸= ∅.

Let (V0, ψ0) be a symplectic space over L+ with similitude group GV0
(over L+) and let

ι0 : G0 → GV0
be a closed immersion of connected reductive groups over L+ such that the

image of ι0 contains the scalars. We assume that for τ ∈ Σ∞,nc, the map ι0,τ,R := ι0⊗L+,τR
is a morphism of weak real Shimura data and assume that the induced map Xτ → HV0,τ,R

is surjective on π0. Write G0
0 for the kernel of G0 → GV0

sim−−→ Gm, and assume that it is
connected. Note that the induced map G4 → ResL+/Q GV0

is not a morphism of Shimura
data unless Σ∞,nc = Σ∞.

We are going to construct a Shimura datum of Hodge type (G,X) together with a distin-
guished Hodge embedding ι, from G0,X0 = {Xτ}τ∈Σ∞,nc and ι0, depending on a choice of
totally negative element ϵ ∈ L+. This Shimura datum will come equipped with a natural
ad-isomorphism G→ Gad

4 =: G2 compatible with Shimura data.

A.1.2. Let L be a quadratic totally imaginary extension of L+, let T0,L = ResL/L+ Gm and
write V0,L = V0 ⊗L+ L. Write L = L+(

√
ϵ) for some totally negative element ϵ ∈ L+. Let

ψ′
ϵ be the bilinear form on L given by ψ′

ϵ(y1, y2) = TrL/L+(ϵy1y
c
2). Finally we consider the

L+-bilinear alternating form ψL,ϵ = ψ0 ⊗ ψ′
ϵ on V0,L.

A.1.3. Our choice of ϵ induces for each τ ∈ Σ∞ a complex place τ̃ of L extending τ . This
induces an isomorphism

T0,L ⊗L+,τ R
∼−→ S,

and we use this to equip TL = ResL+/Q T0,L = ResL/Q Gm with the weak real Shimura datum
which is trivial for τ ∈ Σ∞,nc and the identity map for τ ∈ Σ∞,c. We take the product of
TL × G4 and equip it with the product weak Shimura datum.

A.1.4. The natural map

T0,L × G0 → GV0,L

which lets (t, g) act on V0,L by t⊗ g, factors through the quotient G0,+ of T0,L × G0 by the
anti-diagonally embedded

Gm ⊂ T0,L × G0.

Let us write ι0,+ for the induced map from G0,+ → GV0,L
. We moreover note that the

induced map

ι3 : G3 := ResL+/Q G0,+ → ResL+/Q GV0,L

underlies a morphism of weak Shimura data, see e.g. Section 2.1.15. Let us write (G3,X3)
for the weak Shimura datum with underlying group G3 constructed above.
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A.1.5. Now assume that

G0
ι0−→ GV0

sim−−→ Gm

identifies Gm with the maximal abelian quotient of G0; this will be satisfied in all our
examples. Then the maximal abelian quotient of G0 × T0,L is given by (this follows from a
straightforward dimension argument)

Gm × T0,L

via the map (g, t) 7→ (sim(g), t). Let t 7→ tc be the nontrivial element of Gal(L/L+), and let
T1
0,L ⊂ T0,L be the kernel of t 7→ ttc (the norm one torus). Consider the natural map

sim′ : G0 × T0,L → Gm × T1
0,L

(g, t) 7→ (sim(g)ttc, t/tc).

Lemma A.1.6. If sim ◦ι0 identifies Gm with the maximal abelian quotient of G0, then the
map sim′ factors through G0 → G0,+ and the induced map

sim′′ : G0,+ → Gm × T1
0,L

identifies the target with the maximal abelian quotient of G0,+.

Proof. The map sim′ is clearly surjective, and the kernel of the induced map Gab
0 × T0,L →

Gm×T1
0,L is given by the anti-diagonally embedded Gm ⊂ Gm×T0,L. Thus sim′′ is surjective,

and identifies the target with the maximal abelian quotient of G0,+ since G0,+ has maximal
abelian quotient of rank two. □

A.1.7. As a corollary of Lemma A.1.6, we see that G0,+ is connected because it sits in a
short exact sequence

1→ G0
0 → G0,+ → Gm × T1

0,L → 1

and G0
0 is connected by assumption. Let us write G0,++ ⊂ G0,+ for the inverse image of

{1} × T1
0,L, it is connected because it is an extension of T1

0,L by G0
0.

A.1.8. We can consider the symplectic space V0,L over Q equipped with the symplectic
form ψQ = TrL+/Q ψL,ϵ; we will denote it by VL. Consider the similitude map

ResL+/Q GV0,L

sim−−→ ResL+/Q Gm,L+ ,

and Res′L+/Q GV0,L
:= sim−1(Gm) equipped with the weak Shimura datum(∏

τ

H+
VL,0,τ

)∐(∏
τ

H−
VL,0,τ

)
⊂
∏
τ

HVL,0,τ .(A.1.1)

There is a natural map Res′L+/Q GV0,L
→ GVL

, which is a morphism of weak Shimura data.
We now define G ⊂ G3 to be the inverse image of Gm ⊂ ResL+/Q Gm,L+ under sim ◦ι3
(which is connected since G0,++ is). We equip it with the weak Shimura datum given by
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the intersection of X3 and (A.1.1).22 We get a commutative diagram

G G3

GVL
Res′L+/Q GV0,L

ResL+/Q GV0,L

Gm ResL+/Q Gm,L+ .

ι
j ι3

sim

We will sometimes adorn G,X, ι,G0,+ and G0,++ with the subscript Υ, where Υ = (G0,X0, ι0, V0, ψ0, ϵ),
to emphasize their dependence on the choices made above.

A.1.9. Compatibility with inner twisting. Write G3 ⊗ R as∏
τ

G0,+,τ,R =
∏
τ

G0,τ,R × S
Gm

.

Let S∞ ⊂ Σ∞,nc be a subset of places and let h = (hτ )τ ∈
∏
τ xτ be an element such that

ι0,τ ◦hτ ∈ H±
V0,τ

. Following the notation in Section 2.1.15, consider the element k = (kτ )τ ∈
G3(R) where

kτ =

{
(hτ (i),−i) if τ ∈ S∞
1 otherwise .

Then k lies in the kernel of the similitude map, and thus in particular in G(R). Similarly
consider the morphism h′ : S → G3 given by h′ = (h′τ )τ , where h′τ = hτ when τ ̸∈ S∞ and
given by z 7→ hτ (z) · [(1, z)] if τ ∈ S∞. Let P be a G-torsor and consider G′ = AutG(P)
together with ι′ : G′ → GV ′

L
.

Proposition A.1.10. If P ⊗ R is isomorphic to the torsor determined by the cocycle k,
then h′ naturally factors through G′ and ι′ ◦ h′ ∈ H±

V ′
L
.

Proof. Write P3 for the pushout of P to G3, and write G′
3 for the induced pure inner twist

with map ι′3. It follows directly from Lemma 2.1.16 that ι′3 is a morphism of weak Shimura
data. We will show that j′ is also a morphism of weak Shimura data, implying that ι′ is a
morphism of weak Shimura data. For this, we have to check that if h lies in (A.1.1), then
so does h′ (with V replaced by V ′). But this follows from the statement of Lemma 2.1.16,
since it shows that h′3,τ and h3,τ land in the same connected component of HVL,0,τ . □

A.1.11. Compatibility with the Piatetski–Shapiro construction. Let L+ and Υ be as above,
let F denote a totally real field which is disjoint from L+ and let K+ be the composite of F and
L+. Consider (G,X) and ι defined as above using Υ. Let H1 ⊂ ResF/Q GF be the inverse image
of Gm ⊂ ResF/Q Gm under the similitude map. The natural map G → ResF/Q GF factors
through H1, and in fact we get morphisms of weak Shimura data (G,X)→ (H1,Y1). It comes
equipped with a Hodge embedding (noting that VK+ = VL+ ⊗Q F, since F⊗Q L+ = K+)

(H1,Y1)→ (GVK+
,HVK+

).

22This weak Shimura datum is nonempty because we have assumed that for all τ ∈ Σ∞,nc, the map
Xτ → HV0,τ,R induced by ι0 is surjective on π0.
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A.1.12. On the other hand, define

H0 = H0,F = ResK+/L+ G0,K+ ,

together with ι0,F : H0 → ResK+/L+ GV0,K+ → GVK+ ,0
, where VK+ is equipped with the L+-

linear symplectic form TrK+/L+ ψK+ . We equip H0 with the weak Shimura datum Y0 via
the natural map G0 → H0. We now write ΥF = (H0,Y0, ι0,F, VK+ ,TrK+/L+ ψK+ , ϵ) and write
K = K+(

√
ϵ). Write (H′

1,Y
′
1) = (G,X)ΥF

, together with the Hodge embedding

(H′
1,Y

′
1)→ (GVK+

,HVK+
).

Lemma A.1.13. There is an equality (H′
1,Y

′
1) = (H1,Y1) as sub-(weak Shimura data) of

(GVK+
,HVK+

).

Proof. This is a straightforward consequence of the definitions, using the exactness of Weil
restriction. □

A.2. Type B,DR. Let L+ be a totally real field and let (W0, q) be a quadratic space over L+
of dimension n. We will assume that for all τ ∈ Σ∞ the signature (rτ , sτ ) of W0⊗L+,τ R has
the property that rτ , sτ ∈ {0, 2, n− 2, n}. Write Σ∞,c for the set of embeddings τ : L+ → R
where the signature (rτ , sτ ) of W0 ⊗L+,τ R is given by (0, n) or (n, 0), and write Σ∞,nc for
the set of embeddings so that the signature is (2, n− 2) or (n− 2, 2). Let G0 = GSpinW0

be
the group of spinor similitudes of (W0, q), see [KS23, Section 3]. For τ ∈ Σ∞,nc we define
a weak real Shimura datum Xτ for G0,τ as in [MP16, Section 3.1] or [AGHMP17, Section
2.2]: If the signature (rτ , sτ ) is equal to (n− 2, 2), then Xτ is the space of oriented negative
definite planes in W0 ⊗L+,τ R, and when the signature is (2, n − 2), we take the space of
oriented negative definite planes in W∨

0 ⊗L+,τ R.
We let C = CL(W0) denote the Clifford algebra of W0 over L+, which comes equipped

with a canonical anti-involution ∗ (see [KS23, Section 3.1]). By [MP16, Section 1.6, Lemma
1.7], a choice of an element δ ∈ C× satisfying δ∗ = −δ defines an L+-linear symplectic form
Ψδ on C. This defines a closed immersion

ι0,δ : G0 → G0,C,ψδ

such that the similitude character of GW0 restricts to the spinor norm N : GSpinW0
→ Gm.

Lemma A.2.1. There is a δ with the property that for all τ ∈ Σ∞,nc the map ι0,δ ⊗L+,τ R
is a morphism of weak real Shimura data and the induced map Xτ → HV0,τ,R is surjective
on π0.

Proof. It is explained in [AGHMP17, Discussion before Lemma 2.2.1] that if δ ∈ C×
R has a

certain positivity property for τ ∈ Σ∞,nc, then ιδ,τ,R is compatible with weak Shimura data.
To show that we can choose a δ ∈ C× satisfying such a positive property for all τ at once,
we note that the subspace {δ∗ = −δ} ⊂ C is a Q-linear subspace and thus satisfies weak
approximation. We find that {δ∗ = −δ} ⊂ C× is dense in {δ∗ = −δ} ⊂ C×

R , and we can
thus find a δ which satisfies the right positive condition at all τ simultaneously (since the
positivity condition is an open condition). The final statement about connected components
follows the discussion in [HP17, Section 7.1.2-7.1.3]. □

Lemma A.2.2. The scalars Gm ⊂ GW0 are contained in the image of ι0,δ. If n is odd, then
Gm ⊂ ZG0

is an equality.

Proof. The first claim follows from [KS23, equation (3.2)], and the second claim is well
known (it can be deduced from [KS23, Lemma 3.1.(v)]. □
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Finally, we define G2,0 = SO(W0) and G2 = ResL+/Q G2,0. We let (G2,X2) be the weak
Shimura datum induced from the weak Shimura datum X3. If W0 is odd dimensional, then
the group G2,0 is an adjoint group. If W0 is even dimensional, then the group G2,0 has center
µ2.

A.3. Type C. Now we closely follow [Del71, Section 6.2]. Let L+ be a totally real field and
let B be a quaternion algebra over L+ with canonical involution b 7→ b. Let V0 be a free
B-module of finite rank n equipped with a symmetric L+-bilinear nondegenerate pairing Φ
satisfying for all b ∈ B, x, y ∈ V0

Φ(bx, y) = Φ(x, by).

Let G0 be the group of B-linear similitudes of (V0,Φ) over L+, with similitude character
sim : G0 → Gm. Let ι0 : G0 → GV0

be the forgetful map to the group of L+-linear
symplectic similitudes of V0.

A.3.1. Let Σ∞,c be the set of places of L+ such that B ⊗L+,τ R is a nonsplit (or definite)
quaternion algebra, and let Σ∞,nc be its complement. We assume that Φ is chosen such
that for τ ∈ Σ∞,c, the group G0,τ,R has R-points that are compact modulo center; this is
possible by [KS22, the discussion surrounding Lemma 12.1 of v1].

Lemma A.3.2. For each τ ∈ Σ∞,nc there is a weak real Shimura datum Xτ on G0,τ,R with
the property that ι0 ⊗L+,τ R is a morphism of weak real Shimura data.

Proof. It follows from [KS22, Lemma 12.1 of v1] that for τ ∈ Σ∞,nc we can identify

ι0 ⊗L+,τ R
with the natural map GSp2n,R → GSp4n,R; thus we can use the standard Siegel Shimura
datum for GSp2n,R. □

As before, we get a Shimura datum X3 for G3 = ResL+/Q G0. In this case, it is clear
that the image of ι0 contains the scalars Gm, and that this is equal to the center of G0 (for
example by checking it over R using the arguments of Lemma A.3.2).

A.3.3. Finally, we define G2,0 = Gad
0 , set G2 = Gad

3 and let (G2,X2) be the adjoint Shimura
datum associated to (G3,X3).

A.4. Type DR. We now give a generalization of the type DR cases treated before.

A.4.1. Let L+ be a totally real field and let B be a totally indefinite quaternion algebra
over L+ with canonical involution b 7→ b. Let W be a free B-module of finite rank n ≥ 4
equipped with a nondegenerate pairing Φ :W ×W → B satisfying for all b, c ∈ B, x, y ∈W

Φ(xb, yc) = bΦ(x, y)c

Φ(x, y) = −Φ(x, y).

Let G0 be the special Clifford group of (W,Φ) over L+ as in [Shi78, Section 2, Case B].

Lemma A.4.2. For τ ∈ Σ∞, there is an isomorphism

G0,τ,R
∼−→ GSpin(rτ , sτ ),

with rτ + sτ = 2n.

Proof. This follows from the discussion in [Shi78, Section 3, Case B]. Note that op. cit. (and
[Mil05, Appendix B]) writes Gpin for the special Clifford group which is denoted by GSpin in
the more recent literature that we have been citing (e.g. [MP16], [KS23], [AGHMP17]). □
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We assume that rτ , sτ ∈ {0, 2, 2n, 2n − 2} for all τ , and write Σ∞,c for those τ where
either rτ or sτ is zero, and Σ∞,nc for its complement. We can moreover choose Shimura
data Xτ for τ ∈ Σ∞,nc as in the proof of Lemma A.2.1. This induces a Shimura datum X4

on G4 = ResL+/Q G0.

A.4.3. Following [Shi78, Section 5], we choose a totally real quadratic extension L+1 of L+
over which B splits; this is possible because B is totally indefinite. We then observe as in
loc. cit. that

ResL+
1 /L

+ G0,L+
1

is isomorphic to GSpin(W̃ ) for some quadratic space (W̃ , q̃) over L+1 of dimension 2n. The
Shimura data Xτ for τ ∈ Σ∞,nc induce Shimura data Xτ1 for τ ∈ Σ1,∞,nc, where Σ1,∞,nc

denotes the set of maps L+1 → R whose restriction to L+ lies in Σ∞,nc.
If we let C be the Clifford algebra of (W̃ , q̃), then by Lemma A.2.1 there is a choice of δ

together with a closed embedding

ι0,δ : ResL+
1 /L

+ G0 → GSp(C,ψδ)

which is compatible with Shimura data after tensoring up to R along τ ∈ Σ1,∞,nc. We
let ι0 be the composition of ι0,δ with the natural map G0 → ResL+

1 /L
+ G0,L+

1
, so that ι0 is

compatible with Shimura data after tensoring up to R along τ ∈ Σ∞,nc.

A.4.4. Finally, we consider G2,0 = SOB(W ) and G2 = ResL+/Q G2,0 with Shimura datum
X2 induced from the Shimura datum X3. The group G2,0 has center µ2.

A.5. Computing the center and the cocenter. We now assume that we are in one
of the cases of Sections A.2, A.3 or A.4. Then the image of ι0 : G0 → GV0 contains
the scalars Gm. It is moreover true that ZG0 is equal to Gm × µ2 in type DR and equal to
Gm otherwise; this follows from Lemma A.2.2 and its proof. Moreover, the natural map
ν : ZG0

→ Gm (where the target is the maximal abelian quotient of G0) agrees with z 7→ z2

on the scalars and is injective on the µ2 factor (if it exists).
Consider the map (whose source we think of as the center of G0 × T0,L)

ZG0
× T0,L → Gm × T1

0,L

(z, t) 7→ (ν(z)ttc, t/tc).

This visibly factors through the quotient by the anti-diagonally embedded Gm via a map

ν′ : ZG0,+ → Gm × T1
0,L = Gab

0,+.

Lemma A.5.1. The natural map {1} × T1
0,L → ZG0,+

maps isomorphically onto Z◦
G0,++

Proof. We first note that {1} × T1
0,L maps to {1} × T1

L under ν, so that it indeed maps
(injectively) to ZG0,++ ⊂ ZG0,+ . The lemma now follows from a straightforward dimension
argument. □

Corollary A.5.2. The connected center and the maximal abelian quotient of G0,++ are both
isomorphic to T1

L. Under these identifications, the natural map is given by the multiplication
by 2 map [2].

Proof. This is a direct consequence of Lemma A.5.1 and its proof. □

Lemma A.5.3. If Gad
C is not of type D, then ZG0,++

is connected.
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Proof. By Lemma A.2.2, the natural map Gm → ZG0 is an isomorphism under our assump-
tion. It follows that the center of G0,+ is isomorphic to

T0,L ×Gm
Gm

.

Under this identification, the similitude map to Gm × T1
0,L is given by

(t, z) 7→ (z2ttc, t/tc).

Writing

Tu = {(t, z) ∈ T0,L ×Gm | (t2 = ttc)},

we see that ZG0,++
is given by Tu/Gm; it thus suffices to show that Tu is connected. This

torus lies in a Cartesian diagram

Tu T0,L

Gm Gm.

t7→ttc

[2]

Since the right vertical map is surjective with connected kernel, the same is true for the left
vertical map, showing that Tu is connected. □

A.6. Some cohomology computations. Let the notation be as in the previous section,
in particular we will continue to assume that we are in one of the examples of Sections A.2,
A.3, A.4. We will now deduce some cohomological consequences of Corollary A.5.2 which
will be used in Section 7.

Lemma A.6.1. The group G0,++ satisfies X1(L+,G0,++) = 0 and the group G satisfies
X1(Q,G) = 0.

Proof. Since Gder
0 = Gder

0,++ is simply connected, we have that

X1(L+,G0,++) = X1(L+,Gab
0,++)

and Gab
0,++ = T1

0,L by Corollary A.5.2. The result now follows from the Hasse principle for
quadratic extensions. Similarly since Gder is simply connected, it follows that

X1(Q,G) = X1(Q,Gab)

and Gab = Gm × T1
L; the result follows as before (using Shapiro’s lemma). □

Lemma A.6.2. The group π1(G0,++) is isomorphic to Z, with the Galois group GalL+

acting through Gal(L/L+) such that the nontrivial element acts by multiplication by −1.

Proof. Since Gder
0 = Gder

0,++ is simply connected, we have that

π1(G0,++)
∼−→ X∗(G

ab
0,++),

which is isomorphic to Z with the desired Galois action by Lemma A.1.6. □

Lemma A.6.3. There is an isomorphism (where the Galois action is trivial on the right
hand side)

π1(G2,0) ≃ Z/2Z
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Proof. This is well known. The Galois action is trivial because G2,0 is an inner form of
a group that splits over a quadratic extension of L+, and groups of order 2 cannot act
nontrivially on Z/2Z. □

Corollary A.6.4. The natural map

π1(G0,++)GalL+
→ π1(G2,0)GalL+

is an isomorphism

Proof. Consider the long exact sequence in cohomology associated to the short exact se-
quence

0→ X∗(Z
◦
G0,++

)→ π1(G0,++)→ π1(G2,0)→ 0.

The map

X∗(Z
◦
G0,++

)→ π1(G0,++)

can be identified (by Lemma A.5.1) with [2] : Z → Z, and thus induces the zero map after
taking coinvariants for the Galois action. Thus

π1(G0,++)GalL+
→ π1(G0)GalL+

is injective. Both the left hand side and the right hand side are isomorphic to Z/2Z, and
we conclude. □

Lemma A.6.5. Let p be a prime number and let p be a prime above p in L+. The natural
map (of abelian groups)

H1(L+p ,Z
◦
G0,++

)→ H1(L+p ,G0,++)

is zero.

Proof. Since Gder
0 is simply connected, we can identify the map of the lemma with

H1(L+p ,Z
◦
G0,++

)→ H1(L+p ,G
ab
0,++).

Now Corollary A.5.2 tells us that Z◦
G0,++

→ Gab
0,++ may be identified with [2] : T1

L → T1
L. If

p splits in L, then T1
L ⊗ L+p has no cohomology and we are done. If p does not split in L,

then H1(L+p ,T
1
L) ≃ Z/2Z, so that multiplication by 2 is equal to the zero map, proving the

lemma. □

Lemma A.6.6. Let p be a prime number and let p be a prime above p in L+. The natural
map (of abelian groups)

H1(L+p ,G0,++)→ H1(L+p ,G2,0) = π1(G2,0)Gal
L
+
p

is injective, and an isomorphism if p is nonsplit in L.

Proof. The long exact sequence in cohomology associated to 1→ Z◦
G0,++

→ G0,++ → G2,0 →
1 together with the proof of Lemma A.6.5 tells us the map is injective. If p is split in L,
then it follows from Corollary A.5.2 that H1(L+p ,G0,++) ≃ 0. If p is nonsplit in L, then it
follows from Corollary A.5.2 that H1(L+p ,G0,++) ≃ Z/2Z, and it now follows as in the proof
of Corollary A.6.4 that it is also surjective. □

Lemma A.6.7. Let τ ∈ Σ∞. The natural map

π1(G0,++ ⊗L+,τ R)GalR → π1(G2,0 ⊗L+,τ R)
is an isomorphism.
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Proof. It follows as in the proof of Lemma A.6.5 that the map to π1(G2,0⊗L+,τR) is injective.
It moreover follows as in the proof of Corollary A.6.4 that the image gets identified with
π1(G2,0) □

The following lemma is well known.

Lemma A.6.8. For τ ∈ Σ∞,nc, let [Q] ∈ H1(R,Gad
2,0 ⊗L+,τ R) be the class of the compact

inner form. Then the image of [Q] in π1(G
ad
2,0) is nontrivial.

Proof. By [XZ17, Lemma 2.1.4], the image of [Q] agrees with the image of µτ , where µτ
is the Hodge cocharacter associated to X2,τ . This Hodge cocharacter lifts to a cocharacter
µ0,τ of G0 ⊗L+,τ R because of the existence of Xτ . It suffices to show that µ0,τ maps to
1 ∈ Z = π1(G0,τ ). Now ι0 identifies π1(G0)

∼−→ π1(GV0), and it is well known that in the
Siegel case µ0 maps to 1 under the similitude map. □

Lemma A.6.9. For τ ∈ Σ∞,c, let [Q] ∈ H1(R,G2,0 ⊗L+,τ R) be the class of an inner form
admitting a Shimura datum. Then the image of [Q] in π1(G2,0) is nontrivial.

Proof. Write H = G2,0 ⊗L+,τ R, choose Q ∈ [Q] and let H ′ = AutH(Q) be the inner form
admitting a Shimura datum. Then Q induces a canonical Galois equivariant identification
π1(H) = π1(H

′) and we have the following commutative diagram (see Lemma 2.1.5)

H1(R, H) H1(R, H ′)

π1(H)GalR π1(H
′)GalR ,

βQ

+[Q]

where the top map sends [Q] to [1]. Now we note that Q is a (H,H ′)-bitorsor, and if we
write P for the underlying H ′-torsor, then βP is the inverse of βQ. So we see that under the
identification π1(H)GalR = π1(H

′)GalR , the image of [Q] is given by minus the image of [P ].
Now Lemma A.6.8 applies to show that the image of [P ] is nontrivial, so we are done. □
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